
 

Equation Calculating Internal Energy Change Derived from the 
Clausius Inequality 

Chengshu Jin 

School of Food and Pharmaceutical Engineering, Suihua University, Suihua, Heilongjiang 152061, China 
Email: jinchengshu_1@163.com 

Abstract. In the paper, the relations of heat or work between a reversible process and its realistic 
process are discussed, which could be applied to the chemical reactions and Rossini and Frandsen 
experiment and so on. It is proved the ratios of work to temperature and internal energy change to 
temperature are all the state function in the reversible process, otherwise, the Clausius inequality will 
be violated. In an isothermal process of reversible Stirling cycle, the internal energy change is equal to 
zero for the gas. Thus, the new equation calculating the internal energy change has been obtained for 
the gas, namely that dU=CVdT, it is convenient and easy calculative. 
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1   Introduction 

The relation of heat, work, and internal energy change will obey the first law of thermodynamics (namely 
the energy conservation law). In a process, the heat, work, and internal energy change are able to be 
transferred each other. The Clausius inequality originated from the Carnot theorem and second law of 
thermodynamics, it is absolute correct [1-8]. Any spontaneous and realistic cycle is similar to the heat 
engine or refrigeration engine. The entropy generation expresses the difference on the ratio of heat to 
temperature between a reversible process and its realistic process. The entropy generation concept could 
be applied to large range [9-11]. The difference on the ratios of work to temperature or internal energy 
change to temperature between a reversible process and its realistic process have been researched too [12]. 
In this paper, the relations of heat, work, internal energy change, enthalpy change, and free energy change 
will be investigated in the chemical reactions and so on. The relation between internal energy change and 
temperature for the gas in an isothermal process will be studied using the reversible Stirling cycle in text. 

2   Relations among the Heat, Work, and Internal Energy Change 

In a spontaneous or realistic process, we would assume 
 ( ) ( ) ( )real r pfQ B Q A Q B   (1) 

 ( ) ( ) ( )real r pfW B W A W B   (2) 
where, Qr(A) and Wr(A) are the heat and work in a reversible path (A) respectively. Qreal(B) and Wreal(B) 
are the heat and work in a realistic path (B), respectively. Qpf(B) and Wpf(B) are the heat and work caused 
by the irreversible path and friction resistance in any irreversible path (B), respectively. The realistic 
paths may be the reversible or irreversible paths. The friction resistance does not exist in any reversible 
process. That is Qr and Wr do not contain Qpf(B) and Wpf(B). For the gas, Wr(A) can be calculated from 
p-V diagram is easy in the reversible process (often employing the gas equation of state or the state 
experiment datums), but calculating and measuring the values of Wreal(B) isn’t easy in the irreversible 
process (according to the temperature or pressure change path, comparing Wreal(B) with Wr(A) is not 
difficult in p-V diagram). A reversible path and its irreversible path are distinction for the gas in a process, 
otherwise, Wpf(B) will be equal to zero. The heat and work are the path functions in some processes. The 
heat and work are taken as positive if the energy is supplied to the system and negative if the energy is 
lost out of the system. 

According to the first law of thermodynamics, it is obvious that Ur(A)=Qr(A)+Wr(A), 
Ureal(B)=Qreal(B)+Wreal(B), and Ur(A)= Ureal(B) in a process, where, Ur(A) and Ureal(B) are the 
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internal energy in a reversible path (A) and its realistic path (B), respectively. The internal energy change 
ΔU is the state function. In a process, we can find 
 ( ) ( )pf pfQ B W B   (3) 

3   Relations on the Ratios of Heat to Temperature, Work to Temperature 
and Internal Energy Change to Temperature 

In a spontaneous or realistic process, the Clausius inequality can be rewritten as follow 

 
   

0
f fr real

i i
res

Q A Q B
T T

 
    (4) 

where, the equality is for a reversible process, the inequality is for an irreversible process. 
 f r

i

Q A
T


  and 

 f real
i

res

Q B
T


  are the ratio of heat to temperature in a reversible path (A) and a realistic path (B), 

respectively. ΔS and 
 f r

i

Q A
T


  are all the entropy change, that is, 

 f r
i

Q A
S

T


   . In a process, Ti 

and Tf are the absolute temperature of system in initial state and final state, respectively. T expresses the 
absolute temperature of system transforms from Ti to Tf. Tres is the absolute temperature of surroundings 
or reservoirs, and Tres can vary or influence the absolute temperature of system. Of course, Tres is the same 
as T in any reversible process or isothermal process. Any spontaneous or realistic process has to obey the 
Clausius inequality. 

   f fr real
g i i

res

Q A Q B
S

T T
 

     [10, 13], ΔSg is defined as the entropy generation. Thus, in a 

spontaneous or realistic process, we can gain Sg  0. Therefore, 
 f real

i
res

Q B
T


  is entropy flow. The 

entropy generation will become into zero for the equilibrium and changeless state. 
The relation among the ratios of heat to temperature, work to temperature, and internal energy change 

to temperature can be given by 

 
d ( ) d ( ) δ ( ) δ ( ) δ ( ) δ ( )

es

f f f f f fr real r real r real
i i i i i i

res res r

U A U B Q A Q B W A W B
T T T T T T

           (5) 

In a spontaneous or realistic process, if 
   

0
f fr real

i i
res

W A W B
T T

 
   , according to Eq. (5), we can 

obtain 
δ ( ) δ ( ) d ( ) d ( )f f f fr real r real

i i i i
res res

Q A Q B U A U B
T T T T

       

Therefore, 
d ( ) d ( )

0
f fr real

i i
res

U A U B
T T

    obeys the Clausius inequality namely Eq. (4), which will 

guarantee that the value of 
δ ( ) δ ( )f fr real

i i
res

Q A Q B
T T

   is no less than zero. 
d ( ) d ( )

0
f fr real

i i
res

U A U B
T T

    

will violate the Clausius inequality, since 
δ ( ) δ ( )f fr real

i i
res

Q A Q B
T T

   will be more than negative value. If 

δ ( ) δ ( )
0

f fr real
i i

res

W A W B
T T

   , we have 

d ( ) d ( ) δ ( ) δ ( )f f f fr real r real
i i i i

res res

U A U B Q A Q B
T T T T

       
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On the basis of Eq. (4), we can gain 
d ( ) d ( )

0
f fr real

i i
res

U A U B
T T

   . 
d ( ) d ( )

0
f fr real

i i
res

U A U B
T T

    will 

infringe the Clausius inequality. So that, 
d ( ) d ( )

0
f fr real

i i
res

U A U B
T T

    is right, it will guarantee that the 

value of 
δ ( ) δ ( )f fr real

i i
res

Q A Q B
T T

   is no less than zero. 

In a spontaneous or realistic process, according to Eq. (5) and 
d ( ) d ( )

0
f fr real

i i
res

U A U B
T T

   , we have 

( ) ( ) ( ) ( )f f f fr real r real
i i i i

res res

Q A Q B W A W B
T T T T

    
     

 
     

Therefore, 
δ ( ) δ ( )

0
f fr real

i i
res

W A W B
T T

    obeys the Clausius inequality namely Eq. (4), which will 

guarantee that the value of 
δ ( ) δ ( )f fr real

i i
res

Q A Q B
T T

   is no less than zero. 
δ ( ) δ ( )

0
f fr real

i i
res

W A W B
T T

    

will violate the Clausius inequality, since 
δ ( ) δ ( )f fr real

i i
res

Q A Q B
T T

   will be more than negative value. So 

that, 
δ ( ) δ ( )

0
f fr real

i i
res

W A W B
T T

    is correct, it will guarantee that the value of 
δ ( ) δ ( )f fr real

i i
res

Q A Q B
T T

   

is no less than zero. 
Therefore, the difference on the ratios of work to temperature or internal energy change to temperature 

between a reversible process and its realistic process can be given by 

 
δ ( ) δ ( )

0
f fr real

i i
res

W A W B
T T

    (6) 

 
d ( ) d ( )

0
f fr real

i i
res

U A U B
T T

    (7) 

where, 
δ ( )f r

i

W A
T  or 

δ ( )f real
i

res

W B
T  are the ratio of work to temperature in a reversible path (A) or a 

realistic path (B), respectively. 
δ ( )f r

i

W A
T  is defined with SW, namely that 

δ ( )f r
W i

W A
S

T
   . 

d ( )f r
i

U A
T  or 

d ( )f real
i

res

U B
T  are the ratio of internal energy change to temperature in a reversible path (A) 

or its realistic path (B), respectively. 
d ( )f r

i

U A
T  is defined with SU, namely that 

d ( )f r
U i

U A
S

T
   . 

If   δ ( ) δ ( )f fr real
W g i i

res

W A W B
S

T T
     in a spontaneous or realistic process, we can have   0W g

S  .
 

The value of  W g
S  will also change into zero at the equilibrium and changeless state for the 

spontaneous or realistic processes. Eq. (6) is always criterion for the spontaneous or realistic processes 
except that any work doesn’t exist. 

If   d ( ) d ( )f fr real
U g i i

res

U A U B
S

T T
     in a spontaneous or realistic process, we shall obtain   0U g

S  . 

The value of  U g
S  will change into zero at the equilibrium and changeless state for the spontaneous or 

realistic processes. Eq. (7) is always criterion for spontaneous or realistic processes except that the 
isothermal process. 

If a reversible process has two paths namely that the path (A) and path (B), we have 
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δ ( ) δ ( )f fr r

i i

Q A Q B
T T

   

 
d ( ) d ( ) δ ( ) δ ( )f f f fr r r r

i i i i

U A U B W A W B
T T T T

       

Accordingly, SW and SU are the state function in the reversible path (A) and path (B), namely that 
δ ( ) δ ( )f fr r

i i

W A W B
T T

   and 
d ( ) d ( )f fr r

i i

U A U B
T T

  . Otherwise, the equations (6, 7) will be infringed. 

Certainly, the above-mentioned conclusion is reliable and reasonable. For example, SW and SU are all 
the state function for the ideal gas in a reversible process. The van der Waals equation of state does not 
obey the aforementioned conclusion, therefore, it is an approximate equation. Attentively, “d” and “” are 
total differential symbols to the state function and path function respectively. “” expresses a change of 
quantity value, “” is integral symbol. 

4   Results and Discussion 

4.1  Change Law in the Free Expansion of Ideal Gas 

If the ideal gas in the container of constant volume is freely expanding to another vacuum container of 
constant volume, see figure 1. Gay-lussac or Joule experiment all told us the temperature would not have 
any change in aforesaid process. In the realistic isothermal path (B), the temperature does not have any 
change, thus, the internal energy change is equal to zero for the ideal gas, namely that U=0. Because 
Wreal(B)=0, we have Qreal(B)=0. The reversible process for path (A) should belong to an isothermal 
expansion process, the result is 

 
δ ( ) δ ( )

ln 0
f f fr r

i i
i

VQ A W A
S nR

T T V
        

where, V is volume, R is the gas constant, n is the amount of substance, Vf > Vi, as shown in figure 1. Sg 
is equal to S,  W g

S  is equal to the negative value of S, and  U g
S  is always equal to zero. 

 

Figure 1. Free expansion of ideal gas. 

4.2  Change Law in the Chemical Reactions 

For the chemical reactions in a reversible isothermal and constant pressure path (A), we can obtain 
Qr(A)=TS. If the non-expansion work (namely the other work) exists in a reversible isothermal and 
constant pressure path (C), we shall have Wr(C)=UQr(C)=UTS and Sg=TS(A)Qr(C)=0, where, 
Qr(C)=TS. Wmax expresses other work in a reversible process, pV is the pressure-volume work (namely 
the expansion work), therefore, Wr(C)=Wmax(C)pV, the following equations can be given by 
 Wmax(C)=Wr(C)+pV=U+pVTS=G (8) 
 U=Wmax(C)pV+TS (9) 
where, H=U+pV, G=HTS, H is the enthalpy change, G is free energy change. 

Vi Vf   Vi

valve
.
.

.
. .

.
.

.

.
.

.. ..

.

. . .

.. . ..

.
..

.

..
.
.

.
.

.

total volume: Vf 

vacuum

120 Theoretical Physics, Vol. 4, No. 3, September 2019

TP Copyright © 2019 Isaac Scientific Publishing



 

If the non-expansion work still exists for the chemical reactions in a realistic isothermal and constant 
pressure path (B) (temperature may be non-constant, but Ti=Tf=Tres), on the basis of Eq. (2), we can 
obtain 
 ( ) ( ) ( ) ( ) ( ) ( )real r pf r pf pfW B W A W B U Q A W B U T S W B            

where, Wother expresses the other work in a realistic process, therefore, Wreal(B)=Wother(B)pV. According 
to Eq. (3), we have 
 ( ) ( ) ( ) ( ) ( )pf real other other pfW B W B U T S W B p V U T S W B G Q B                  (10) 

Then, on the basis of the equations (8, 10), we can obtain 
 max( ) ( ) ( ) ( )other pf pfW B G W B W C W B      (11) 

According to the equations (1, 10), Qr(A)=TS, G=HTS, Qr(C)=TS, we can gain 
 ( ) ( ) ( ) ( )real r pf otherQ B Q A Q B H W B      or ( ) ( ) ( ) ( )real r pf otherQ B Q C Q B H W B      (12) 

Thus, we have 
 ( ) ( ) ( ) 0g real other otherT S T S Q B T S W B H W B G              (13) 

Thereby, on the basis of the equations (10, 12, 13), H=U+pV, we can gain 
 ( )otherW B G   or ( ) ( ) 0pf pfW B Q B    (14) 

 U=Wother(B)pV+Qreal(B) (15) 
Attentively, if the non-expansion work does not exist in a realistic constant pressure path (B), according 

to Eq. (10), we can obtain ( ) ( )pf pfW B G Q B    . 

4.3  Internal Energy Change in the Reversible Stirling Cycle 

 

Figure 2. The reversible Stirling cycle. 

In the reversible Stirling cycle (see figure 2), the path “i→A” and path “f→B” are all the reversible 
isothermal process, and their temperatures are Ti and Tf respectively. The path “B→i” and path “A→f” 
are all the reversible constant volume process. WiB and WfA express the works in the path “B→i” and path 
“A→f” are all equal to zero. UAi, UfA, UBf, and UiB express the internal energy change in the path 
“i→A”, path “A→f”, path “f→B”, and path “B→i”, respectively. The equation calculating the internal 
energy change for the gas can be given by [1] 

 d d dV
V

pU C T T p V
T

  
    

  
 (16) 

where, the subscript V in 
V

p
T

 
  

 item indicates constant volume, “” is partial differential symbols, CV is 

the heat capacity at constant volume. For the gas, we can obtain UfA=UiB. So that, UAi=UBf. Thus, 

A
B

p

V

Ti

Tf

i

f

0
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we have 
d dd dd 1 1

0
A f B ifA BfAi iBr

Aii A f B
i f i f

U UU UU
U

T T T T T T T

 
         

 
      in the reversible process (SU 

is the state function). We know 1 1 0
i fT T

 
   

 
, therefore, UAi and UBf should be all equal to zero. So 

that, a conclusion is the internal energy change has to be equal to zero for the gas in the isothermal 
process. 

Because the expansion gas in the Rossini and Frandsen experiment [14] belongs to an isothermal and 
constant pressure process, therefore, U=0. The Rossini and Frandsen experiment is made by two systems 
namely that the gas system and water system. In the reversible process, Eq. (9) is obeyed by the Rossini 
and Frandsen experiment, therefore, TS=pVWmax(C) and H=pV. In the realistic process, Eq. (15) is 
obeyed by the Rossini and Frandsen experiment, thus, Qreal(B)=pVWother(B) and H=pV. Attention, 
the electrical work belongs to Wother in the Rossini and Frandsen experiment. In the isothermal process, 
measuring the value of heat is easy for the chemical reactions, but the system of expansion gas is open in 
the Rossini and Frandsen experiment, so the heat cannot be accurately determined. Therefore, it is 
regretful that the Rossini and Frandsen experiment could not prove the internal energy change having a 
relation with the pressure and volume for the gas. The figure 3 is a type of the Rossini and Frandsen 
experiment equipment. 

valve

thermometer
heater

high 
pressure 
gas

thin and long tube

water

tank lid

water
 

Figure 3. A type of the Rossini and Frandsen experiment equipment. The high pressure real gas slowly expands to 
reach the air through the valve, the water temperature will keep constant heated by heater in trough. 

5   Conclusion 

For the gas, the internal energy change in any isothermal processes is equal to zero, namely that, 

0
T

U
V

 
  

 and 0
T

U
p

 
  

 (where, the subscript T indicates constant temperature). Correspondingly, 

Eq. (16) is not right and disobeys the Clausius inequality. For the gas, Eq. (16) will become into 
 d dVU C T  (17) 

The solid and liquid obey Eq. (17) too. 
If the other work, latent heat, and chemical reactions do not exist, we can obtain Q=CVdT+pdV and 

TdS=CVdT+pdV (where, dU=TdSpdV). 
In the constant pressure, the internal energy change for the phase transition or chemical reactions is 

given by Uc=HcpV, where, Uc is the internal energy change in the phase transition or chemical 
reactions, Hc is the latent heat or chemical reaction heat. 

On the basis of Eq. (17), Eq. (7) can be proven to be correct. 
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In an irreversible process, if any work doesn’t exist,  W g
S  is equal to zero. In the isothermal process, 

 U g
S  is equal to zero. In a reversible process, Sg,  W g

S , and  U g
S  are all equal to zero, but it is 

impossible that U, Qr, Wr, S, SW, and SU are all equal to zero. 
In the equilibrium and changeless state, U, Q, W, S, SW, SU, Sg,  W g

S , and  U g
S  are all 

equal to zero. 
In the many irreversible non-isothermal, non-constant volume, and non-constant pressure processes, 

calculating and measuring the values of Qreal(B), Wreal(B), 
δ ( )f real

i
res

Q B
T , and 

δ ( )f real
i

res

W B
T  is very difficult 

for the gas. Calculating the values of Eq. (7) may not use any gas equation of state. In the isothermal 
process, Eq. (7) isn’t criterion, but the equations (4, 6) are all criteria. 
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