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Abstract. In this paper we present a bulk viscous magnetized Bianchi type IX string cosmological 
model in general relativity. In order to find determinate solution of the investigated model, we 
assume the conditions :(i) Scalar expansion is proportional to shear scalar and (ii) ξθ = constant, 
where ξ  is bulk viscosity and θ  is scalar expansion. Some physical and geometrical properties of 
the investigated model are also discussed. 
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1   Introduction 

It is well known that Einstein’s general theory of relativity has been successful in finding different 
models for the universe. Einstein’s theory of general relativity is considered as the only successful theory 
of gravitation in terms of geometry which has the most beautiful structure of the theoretical physics. In 
recent years, Bianchi type-IX cosmological models are very popular for relativistic studies. These models 
are also used to examine the role of certain anisotropic sources during the formation of large scale 
structure as we see the universe today. Many researchers have taken keen interest in studying Bianchi 
Type IX universes, because familiar solutions like Robertson Walker universe with positive curvature, 
the de-Sitter universe, the Taub-Nat solutions etc. are particular case of Bianchi Type IX space time. 
Number of authors Chakraborty [1], Raj Bali and Dave[2], Raj Bali and Yadav [3] have studied Bianchi 
type-IX string as well as viscous fluid models in general relativity. Pradhan [4] have studied some 
homogeneous Bianchi type-IX viscous fluid cosmological model with varying cosmological constant. 

On the other hand, Bulk viscosity plays a significant role in the early evolution of the universe and 
contributes to the accelerated expansion phase of the universe popularly known as the inflationary phase. 
The effect of viscosity on the evolution of cosmological models and the role of viscosity in avoiding the 
initial big bang singularity have been studied by several authors [5-6]. In late nineties, two teams 
studying distant type Ia-supernovae (SNe-Ia) independently presented evidence of expansion [7-8] and 
confirmed later by cross checks from the cosmic microwave background radiation (CMBR)[9] and large 
scale structure (LSS) [10-13]. 

In addition, the magnetic field has important role at the cosmological scale and is present in galactic 
and intergalactic space. It plays a vital role in the description of the energy distribution in the universe 
as it contains highly ionized matter. Strong magnetic fields can be created due to adiabatic compression 
in cluster of galaxies. Large scale magnetic fields give rise to anisotropies in the universe. Primordial 
magnetic fields of cosmological origin have been discussed by Asseo et.al [14] and Madsen [15]. Melvin 
[16] suggested, in the cosmological solution for dust and electromagnetic fields, that during the evolution
of the universe, the matter was in highly ionized state and smoothly coupled with electromagnetic and
consequently formed a neutral matter as a result of expansion of the universe. Hence, in a string dust
universe the presence of magnetic fields is not unrealistic. The magnetic field has the significant role in
the dynamics of the universe depending on the direction of the field lines [17-18]. Tyagi et.al.[19] has
studied homogeneous anisotropic Bianchi type-IX cosmological models for perfect fluid distribution with
electromagnetic field. Recently Tyagi and Singh.[20], Ghate and Sontakke [21-22] have investigated
Bianchi type-IX cosmological models in different context. Mete and Elkar [23] have studied Bianchi
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type-IX cosmological models for viscous fluid with electromagnetic field and time dependent Λ -term. 
Recently Bianchi type-V magnetized cosmological model with wet dark fluid in general relativity has 
been studied by Mete et.al [24].  

Motivated by the above discussions, in this paper, we have focused upon the problem of establishing a 
formalism for studying a new integrability of magnetized Bianchi type IX bulk viscous string 
cosmological models in general relativity. The behaviors of the models in the presence magnetic fields 
are also discussed. 

2   Metric and Field Equations 

We consider Bianchi type IX space time in the form 
 = − + + + + −2 2 2 2 2 2 2 2 2 2 2 2( sin cos ) 2 cosds dt A dx B dy B y A y dz A ydxdz   (1) 
where A and B are scale factors and are functions of cosmic time t. 

The energy momentum tensor for a cloud string with a magnetic field in a co-moving coordinate 
system is 
 ρ λ ξθ= − − + +( )ij i j i j i j ij ijT u u x x u u g E   (2) 

where the vector iu  describes the cloud 4-velocity and ix  represents a direction of anisotropy, i.e. the 
string satisfies the relations 
 = − = − =1, 0i i i

i i iu u x x u x   (3) 
Here ρ is the rest energy of the cloud strings with massive particles attached to them. It is given 

by ρ ρ λ= +p , where ρp being the rest energy density of particles attached to the strings and λ is the 
density of tension that characterizes the strings. The energy momentum for the magnetic field is 

 
π
 

= − + 
 

1 1
4 4

j lm j lm
i il jm i lmE F F g g F F   (4) 

where j
iE  is the electromagnetic field tensor satisfying Maxwell's equations 

 + + =; ; ; 0ij k jk l ki jF F F  or ( )∂
− =

∂
0ij

j
F g

x
 (5) 

In comoving coordinates, the incident magnetic field is taken along x-axis. With the help of Maxwell's 
equations (5), the only nonvanishing component of ijF

 
is 

 constant= =23 sinF H y   (6) 
In order to determine the system completely, we consider Takabayasi's equation of state [25], 

 ρ λ= l   (7) 
where l  is constant. 

The Einstein's field equations (in gravitational unit = =1, 1)c G  read as 

 π− = −
1 8
2ij ij ijR g R T   (8) 

For the metric(1), the above field equations with the help of equations (2)- (7) takes the form 

 λ ξθ
π

+ + − = + −
2 2 2

44 4
2 2 4 4

2 1 3
4 8

B B A H
B B B B B

  (9) 

 ξθ
π

+ + + = +
2 2

44 44 4 4
4 4

1
4 8

A B A B A H
A B AB B B

  (10) 

 ρ
π

+ + − = −
2 2 2

4 4 4
2 2 4 4

2 1 1
4 8

A B B A H
AB B B B B

  (11) 

3   Solution in Presence of Bulk Viscosity and Magnetic Field 

The field equations (9) to (11) are a system of three highly non-linear differential equations with five 
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unknown parameters ξ λ ρ, , , ,A B . The system is thus initially undetermined. To obtain a deterministic 
solution, the following physical conditions are used. 

Firstly, we assume that the coefficient of bulk viscosity ξ  is inversely proportional to the expansion. 
This condition leads to 
 (constant)ξθ = k   (12) 

The motive behind assuming this condition is explained in the literature [26-28]. Secondly, we 
consider the expansion scalar θ  is proportional to the shear σ , i.e. θ σ∝ [29]. 

This condition leads to 
 = nA B   (13) 
where � 0n  a constant. 

From equations (9)-(11), with the help of (12) and (13), eliminating λ , we have 

 β δα γ −+ = + + +
2

2 34
44 3 2

nB kB B B
B B B

  (14) 

where 

 α β γ δ
 − + −−

= = = − = 
 

(2 1) (1 )1 3 1 1, , , .
2 2 4 4 2 2

l n l Ll l
l l l l

  

To solve equation (14), we denote =4 ( )B f B  then =44

( ) ( )df BB f B
dB

 and equation (14) can be 

reduced to the linear differential equation in the form 

 α+ =
2

2 ( )( ) 2 f Bd f B Q
dB B

  (15) 

where β δγ −= + + +2 3
3 2

n kQ B B
B B

 

Integrating equation (15), we obtain 

 
α

β γ δ
α α α α

− −

= + + + +
+ − − +

2( 1) 2 2
2

2
( )

2 2 2 2 2 2 2 2 2

nB B k B Cf B
n B

  (16) 

Thus we get, 

 
α

β γ δ
α α α α

−
− − 

= + + + + 
+ − − + 

1
2( 1) 2 2 2

22 2 2 2 2 2 2 2 2

nB B k B Cdt dB
n B

  (17) 

where C is constant of integration. 
Hence line element (1) becomes 

 α

β γ δ
α α α α

−
− − 

= + + + + 
+ − − + 

+ + + + −

12( 1) 2 2
2 2

2

2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2
( sin cos ) 2 cos

n

n n n

B B k B Cds dB
n B

B dx B dy B y B y dz B ydxdz

  (18) 

Using the suitable transformation of coordinates equation (18) reduces to 

 
β γ δ

αα α α α

 
 
 
 

−− −
= + + + +

+ − − +

+ + + + −

12( 1) 2 22 2
22 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2( sin cos ) 2 cos

nT T k T Cds dT
n T

n n nT dx T dy T y T y dz T ydxdz

  (19) 

where B =T can be determined by equation (19). 

4   Some Physical Properties of the Model 

For the model (19), the physical parameters: the energy density ρ( ) , the string tension density λ( ) , the 
particle energy density ρ( )p , the coefficient of bulk viscosity ξ( ) , the spatial volume (V) , expansion 
scalar ( )θ  and shear scalar σ 2( ) , the Hubble parameter ( )H  and the deceleration parameter ( )q  are 
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obtained as follows: 

 αβ γ δ
ρ

α α α
− − − −      + + + = + + − + + + + +      + − −       

2( 1) 2 2 2(2 1) (2 1) (2 1)11 (2 1)
2 2 2 2 4 2 2

nn n nT L T C n T T M
n

(20) 

where 
π α

+
= =

+

2 (2 1),
8 2(2 2)

k nHL M   

 λ ρ=
1
l

  (20) 

 ρ ρ λ ρ
 

= − = − 
 

11p l
  (21) 

 αβ γ δξ
θ α α α α

−

− − − − − 
= = + + + + 

+ + − − + 

1
2

2 2( 2) 4 2 2

2 2 2 2 2 2 2 2(2 2)
nk k kT T T CT

n n
  (22) 

 += 2 sinnV T y   (23) 

 αβ γ δθ
α α α α

− − − − − 
= + = + + + + + 

+ − − + 

1
2

2 2( 2) 4 2 24 42 ( 2)
2 2 2 2 2 2 2(2 2)
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  (24) 

 ( ) αβ γ δσ
α α α α

− − − − −   
= − = − + + + +     + − − +  

2
22 2 2( 2) 4 2 24 42 2 1

3 3 2 2 2 2 2 2 2(2 2)
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 (25) 

Hence 

 constantσ
θ→∞

  −
= =   + 

22

2 2

2( 1)lim
3( 2)T

n
n

  (26) 

Here we observe that when and onstant , as .σσ
θ

→ → ∞ = → ∞0,T c T  

The Hubble parameter: 

 αθ β γ δ
α α α α

− − − − − +
= = + + + + 

+ − − + 

1
2

2 2( 2) 4 2 2( 2)
3 3 2 2 2 2 2 2 2(2 2)
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and the deceleration parameter ( )q  

 

α

α

γβ δ α
α α α
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 −
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  (28) 

5   Conclusion 

In this paper, we have studied magnetized Bianchi type-IX bulk viscous string cosmological model in 
general   relativity. To get the deterministic model we have assumed two conditions. Firstly coefficient 
of bulk viscosity is inversely proportional to expansion scalar. i.e. constantξθ =  and secondly expansion 
scalar is proportional to the shear scalar, i.e. θ σ∝ . We observe that the spatial volume → 0V  when 

→ 0T  and → ∞V  when → ∞T , thus the model is expanding. For the anisotropy when = ∞T , 
σ
θ
≠ 0 , this implies that the model does not approach isotropy at late time when − < <2 2n . Also, for 

= 1n  the shear scalar σ is zero and asσ
θ

→ → ∞
2

2
0 T . Thus the model becomes isotropic at late 

time when − < <2 2n . The shear scalar does not tend to zero faster than expansion at late time.  
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