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Abstract. The general theory of relativity is based on expressing gravity by means of the metric tensor
and its elements instead of some fields as in electrodynamics. This work starts with by defining some
vector fields for metric or metric tensor. After metric and metric tensor are expressed in terms of these
fields, the geodesic equations and Einstein equations are derived for these fields. Finally, perihelion
precession and light deflection are recalculated, as two different applications of the introduced fields.
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1 Introduction

The general theory of relativity has been one of the most important theories of the last century. The
success of this theory in explaining some events drew the attention of scientists to this theory, so it gained
great importance in physics. In fact, the most significant reason for this is that it brings a different
understanding to gravity compared to other interactions. According to general relativity, gravity is due
to the curvature in space-time, and in order to explain this interaction properly, it is necessary to calculate
the curvature that extends to Einstein's equations. Another insight brought by general relativity was that
gravity cannot be expressed in terms of simple fields such as electromagnetism, and be best investigated
with a metric tensor and its elements.

Despite all its success and originality, general relativity has some unsolved difficulties. unification with
other interactions, nonlinear equations and differential equations, role and properties of elementary
particles in general relativity are some of them. However, understanding of the theory and having to
perform quite complex and lengthy calculations to reach a solution on any subject can be the most difficult
part. Efforts to find solutions to these challenges have been ongoing for almost a century [1].

In this paper, we present a new approach to the general theory of relativity by introducing some vector
fields with the intention of finding an option to the mentioned challenges. Firstly, we will introduce some
vector fields to the space-time metric. After giving some properties of these fields, we will find the geodesic
equations for these fields. Next, we will calculate the Einstein equations for these fields. The fact that the
geodesic equations and Einstein's equations for these fields are very interestingly related to
electrodynamics, will lead us to the conclusion that these fields must satisfy Maxwell's equations. As a
result of this fact, assuming a density-mass flux density similar to the charge-current density in
electrodynamics, performing some applications for the introduced fields will be the last step of our study.
After deriving an alternative metric to the Schwarzschild metric using the fields in question, we will try
to demonstrate the consistency of our approach with two known applications: perihelion motion of a planet
and deflection of light.

2 Introducing Fields

The metric of the space time is given by
2 _ V% v
ds” =g, dz"dz" (1)
where 9o is the metric tensor of the space-time and its elements are some functions of the space-time

and 4,v =0,1,2,3. In fact, (1) can be considered as a result of the inner product of differential of four-
position vector as

ds’ = dRedR.,
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where R is the four-position vector. Differential of R can be written as
dR =V Rdz",
where Vv, covariant derivative operator. By letting A, =VR, the metric becomes
ds* = A”-Avdx”dxv .

Thus, the metric tensor is

9 = A#-Av . (2)
Naturally, an inverse metric tensor can be defined which satisfy
B o_ 8
5, =9,97, 3)
where 67 is the Kronecker delta. Similar to (2) we can define an inverse metric tensor as
g = A"eA”, (4)

where A* are vectors of ¢, or inverse vectors of Aﬂ .

We have introduced some vector fields to metric tensor with (2). The main subject in this study will be
these fields and the results we will obtain from them. However, before starting the main subject, it would
be helpful to give a few mathematical identities and properties about these fields.

Firstly, from (2), (3) and (4), we can write
Aa.Aﬁ = 55 . (5)
Secondly, using (5)

£y —
0,(A,A")=0,
0 A AP =9 AP.A (6)
u T a U a
can be found.
Thirdly, we derive a new equation for vector fields by means of simple mathematical calculations. Let
us define a quantity as V#ﬂ = Vﬂ «A” | where V, is any vector field. Since A’ = g A using (4)
V/ =V AP =V A (A“.Aﬂ),
u u a

]

vV, =(V,A,)A

u “

can be written. Also, we can write
v, =(V,-A°)A,.

u u

V <A*
For the next identity let V' =V * =V «A*. Then HV =1. As aresult of (5) A +A" =4 we can
write
\%
A
Vo4
v _Ta
u 4 H
v.A =YA A
R
V
V,u .Av = Zg/‘v . (7)

The last equation can be obtained by starting from
0,A A" = gMa’lAvoA“ ,
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a A oAa :A .<A161A ’Aa),
uov " v
0,A A=A O'A (AA).
uov U v
Using (5)
0 A <A =0A <A . (8)
uov v 7
Similarly, we can write
0,A A, =0,A A,

3 Geodesic Equations

We can rewrite (1) as
ds*  dx" da’

a I ar ar

. . ds’ . . 2
where 7 is the proper time. — can be chosen as any constant for geodesic motion, say a” . Thus
dr

ds’ dz” 'dxv 5
dr? v dr dr ’

o

Let ¥ = . Hence

dr
iy 2
9,8 " =a.

M

As a result of 9.,9" = 4, we can deduce that

a
"z = —g"", 9
7Y 9)
i*n") = L A*, (10)
2
where n(”) is the unit vector along A* (Parentheses mean no addition over the repeated indices).
The well-known geodesic equation in terms of metric tensor is [2]
d’z* 1 a . p
i 27 (8ﬁgm +0,9 ~ 6igaﬁ)x e
By writing the metric and inverse metric in terms of fields, we get
d*z" 1

PN —Eg”l (%Ai-Aa +A0,A +0,A A +A DA -0 A A —AaoﬁlAﬁ)i“ i’
Using (8) we obtain

d’z* 1 a op
=57 (0,A,°A, +0,A,+A, )i - i".
Using (9) we can rewrite the geodesic equation as
2 U 2
ddjz = —%gM (6,A,-A%+0,A,-A%) (11)
or
2 u 2
dd”’; =—azg"’18aAl-A“. (12)
T

Although (11) and (12) are the same, we will write (11) in a different form to find the results we are more
familiar with. Obviously, this will not change the physical meaning of the result, but it will make the
result more understandable. Using (6) and (8), (11) turns into
2 _u 2
o _ S (oA, A" - 0"A"-A ).
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dQ.’Eﬂ a2
= (oA A - 0"A-AM).
dr* 8
Let F¥ =“A_ -0 A*. Thus
dQIﬂ — a_zF# .Aa
e 8 °

And using (10)

e 4
2, 1
4o _ 8 pu e, (13)
dr® 4
where F¥* =F" ') It is remarkable that (13) is the same as the covariant form of the Lorentz force

3].

4 Einstein Equations

The Christoffel symbols for the metric tensor given by (2) are

a _ 1 aff
I, =59 (aﬂAv-Aﬁ +0,A A +0A A +0A A -0 A A —aﬂAv-A#).
Using identities derived for vector fields in the Chapter 2, Christoffel symbols can be written in some
different forms. These are
r :l(a A, +0 A A"
uv 2 v uov

1

“ =-F" .A |
L R
e lpea
L R

After some calculations, and using the above Christoffel symbols and 0 ﬂF“V +8VF; +8“Fvﬁ =0 the

Rienman tensor of the fields can be found as

up uv’

a 1 a 1 a 1 a
R Y ——26 Fﬂv.A,u+_4F v.Fﬂ,u+_4F ﬁ.F
Similarly, the Ricci Tensor is

uv uav uv

=R :la“F A +1F“ -F +1F“ -F
2 av u 4 v T au 4 o
1
Let J, = Ea”Fm = 0“0 A, which is nothing but Maxwell equations. The Ricci scalar is

1
_ ab _ T JAB s,
R—Raﬂg —J/J,A +8F Faﬂ.

1
In the last equation F* -Faﬁ is multiplied by — due to twofold summation. Thus, Einstein tensor can be

written as

1 a 1 a 1 af
G =Je«A +—F"F ——g |J A“+—-F%.F |.
v v )7 4 v uv a 8 af

U au - 2
From Equation (7) we can write,
1 B
J A, :Z(Jﬁ-A )9, -

By putting the last equation in Einstein tensor, we have
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G :E{F" F —g (lF“ﬂ-F +J -A“H,
uv 4 v au uv 4 aff a

which is nothing but the stress-energy tensor of electrodynamics in presence of charge-current density [4].

5 Applications

In the general theory of relativity, to obtain any practical result of a system it is necessary to perform
some repetitious calculations for the system under study. Additionally, physical explanations, equations
and solutions are required for at least 10 elements of the Einstein tensor. However, this is a very complex,
long and demanding process that every physicist is well aware of.

We have seen that the vector fields we introduced to the metric tensor in previous chapters, provide
Maxwell's equations such as scalar and vector potentials in electromagnetism. This fact leads us to

determine these vector fields using J , as in electrodynamics, and then determine the metric tensor using

these vector fields. So, we will focus on J =~ as the basic element of any interaction. Although it is known

as charge-current density in electrodynamics, we will accept it to be mass-mass flux density for gravitation.
By this way we will try to achieve the desired result without solving Einstein's equations or any other
complex equations. Thus, we hope to overcome the difficulties of the general theory of relativity that we
have mentioned above.

Before we start applications, it should be noted that to keep this study short, we will not do calculations
for gravitational time dilation and redshift calculations, which are simpler than the two examples we will
do. One can clearly see that our metric will give the same result with Schwarzschild metric results. We
can now begin to apply our approach to the two special events of general relativity we know best.

For the both applications, we are considering a point outside of a constant mass planet or star.
Additionally, we assume that since there is no mass change or flux for the sun, the spatial vectors must

provide flat space. So, for these physical conditions we have toset J =0 and A =A, =A, =1. Thus,

all we need to determine is A, which is static and depends only on r . Then the equation to be solved is

0"0,A,=0.
Solution of it in spherical coordinates is
R
AO(T’) = (D —7]110 s

where D and R integration constants. Then we can write a spherical symmetric metric as

2
ds* = —” [D - Ej dt* +dr* + r°d@” + r*Sin*0dg’ .
r
We can determine D and R easily. To get flat space-time when r — oo, we find D =1. And we can use
Newtonian limit to determine R . In order to get classical mechanics lagrangian for small mass, r —
and v < ¢, it should be as

_GM

5
C

where G is universal gravitational constant, M is the mass of sun or planet and ¢ is speed of light. Note
that R is half of the Schwarzschild radius [5]. Accordingly, the metric will be

R

r

2
ds? = —c* (1 _ EJ dt* +dr® +r°d@” + r’Sin*0dg’ . (14)

The metric given by (14) is the metric that our approach gives as an alternative to the Schwarzschild
metric [6], and it will be main tool in our applications.
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5.1 Perihelion Precession of a Planet

In order to calculate perihelion precession of a planet in the solar system, geodesic equations of (14) must
be found and solved. Two solutions that will be useful to us as a result of the known processes, are

respectively;
-2
t':g(l—EJ ; (15)
r

¢:F' (16)

where dots denote o and &, j are integration constants. We continue with deriving a simpler geodesic
T

s )
equation for r . For this, we divide (14) by dr* , and choose [d—sj = —1. Consequently, we have
T

2
-1=-¢ [1 —EJ 2+ + 1760 + 17 Sin* 09" .
T

T .
For a planet in the solar system, we can choose axes such that 8 = 2 which allows us to write 8 =0 .

Using this and placing (15) and (16) into the last equation we get

) 9
1= % [1—% L

r r

1
In order to get a simpler equation, we change u =— and we write derivates with respect to ¢. After

T
the required calculations, the last equation becomes
1= (1-Ru) "+ fu” + (17)
d
where the prime denotes a The integration constant & can be determined by using (17). Since (17) is
4
1 N
valid for all 7, when r > © u=——0 and u'=—7—2—>0. Thus
T r
g=1/c.
So, we can rewrite (17) as
1=—(1-Ru) + 2 + (18)
Differentiation of (18) with respect to ¢ yields
u" +u= E(1 - Ru)i3 ,
jz

which is the equation we try to find. Inappropriately, the last equation is a non-linear differential equation

and cannot be solved exactly. But fortunately, since Ru <« 1 for the solar system we can solve it by doing
-3

some approximations. For this, first of all, we expand (1 - Ru)i3 as (1 —Ru) ~1+3Ru—-3Ru*. Then

it turns into

J

-2 -2

2 3
u"+(1—3]j ]u=£—3R u?. (19)
J J
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3,2
The reason we do not neglect the term — is to compare the calculations with the same order results
J
obtained with the Schwarzschild metric. In order to see what result we will find, we will first solve (19)
3,2
neglecting ————, since it is too small for any planet in the solar system. Thus, (19) becomes
J
3R R
u"+[1— S Ju:.—Z. (20)
J J
Since we investigate the path of a planet in the solar system, we can deduce that j*> must be such that:
R 1
Fooall-e?)
E__R_
P2 al-eé?)’

where a is the orbit major semi axis, and e is the eccentricity of the planet. (20) can be solved easily
and u can be found as

1-eCosp
a(l-¢?) '

o= -1y
a(l1-¢é*)

If @ is compared to the results of classical mechanics, we can see that it already includes the perihelion

<
R

. . . 3R )
motion. Let us calculate its amount now. Since ———— <1 for the solar system we can write

(ﬁ:(p[l 3GM J

The perihelion precession can be found by using the last equation as (and using that for complete orbit
@ =2m)
« _ 3nGM

T acd(l-¢?)’
which is inconsistent with observations and prediction of general relativity. This fact shows us that we
need to solve (19) as it is without neglecting any term. In this case it turns into a well-known perturbation

M
problem [9] and if we solve it using proper method, an additional amount of % must be added to
ac'(l-e
& . In this case the total perihelion precession is
_ 6zGM
ac*(1-¢*)’

which is the same result with observations [7] and the Schwarzschild metric results [8].

5.2 Deflection of Light

The deflection of light around the sun is the result of photon deflection. Therefore, we must examine
photon motions as if they were very small particles. For this we will again use the metric given in (14).
However, this time the solutions of some equations and integration constants of them will naturally be
different. By straightforward calculations we will get again (19), but for a photon whose natural path is a
straight line, we should it write as
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2 3
@ﬁjﬁ e

J 7
Since, in this application the integration constant j° has a different value, we must recalculate it. For
this, (18) can be used again, but noting that ¢ runs from -z /2 to 7z /2 and that when r =R we have

9=0 and v =0 (R, is the smallest distance of light from the centre of the sun). If we them put into

-2
-2

1= —(1—3] +L.
R[) RO

Using R, > R for our solar system, 4% is found as
j° =2RR,.

Since the term on the right of is negligible, let's first find what the homogeneous part of (21) gives. If we
substitute the value of j* solution of (21) is

(18), what we get is

As a result of R > R we can write

u:iCos[l—ﬁJw. (22)

Figure 1. Trajectory of a photon according to (22) (red curved line) and trajectory of a free photon (vertical straight
line).

Comparing the trajectory of a photon in (22) with that of a free photon, we see that it contains a small
amount of deflection. More precisely, it means that the trajectory of the photon will not be straight line,
but a curved path. The path difference between a free photon and the photon predicted by (22) is
illustrated in Figure 1. In this figure, the photon trajectory resulting from (22) has been drawn in
exaggeration.

_ 3R _
Let ¢ = (1—4—J(p . If r > o, it is obvious that ¢ —>% and ¢ —> Z—ﬁg. The difference

2 4R

0 0

*

between @ and ¢ is nothing but A? The first order deflection can be found as

A = 3—”—GM =235 GM )
4 czRO R

0

NHMP Copyright © 2021 Isaac Scientific Publishing



New Horizons in Mathematical Physics, Vol. 5, No. 2, June 2021 39

This deflection is far from observations and the results of the Schwarzschild metric, so we need to solve
(21) without neglecting the term on the right of it. Again, using the proper perturbation method [9], we

deflection. In this case total deflection will be
A= 3—”+2 GM=4,35GM.
4 ¢*R CQRO

0

will obtain an additional 2

'R

This deflection is approximately 9% more than the result of the Schwarzschild metric and corresponds to
about 1.90 arcsec.

6 Conclusions

While three of the four fundamental forces of physics are defined within the framework of quantum
mechanics and quantum field theory, the definition of gravity with field theory has still not been fully
realized. Also, Einstein's general relativity theory has been accepted as the basic and most appropriate
approach for gravity. In addition, this understanding also brought about the result that gravity was almost
completely separated from other interactions. So, the most important result of this study is that the metric
tensor can be expressed in terms of some fields. If we recall the idea that gravity is best expressed by
general relativity and the metric tensor, we can say that we have presented a better method for expressing
gravity.

The vector fields we define in this study seem to be an obvious solution to the problem in question for
gravity or general relativity. The metric tensor and its elements, which are accepted as a kind of field in
general relativity theory, actually contain quadratic terms, which prevents general relativity from being
connected to field theory. The fields we have introduced not only linearized the metric tensor, but also
provided the missing fields for gravity. Using these fields, we think that gravity can be expressed more
simply in field theory.

It is also interesting that while we think that only general relativity and Einstein's equations are suitable
for gravity, the fields we add give the Lorentz force and the stress-energy tensor of electrodynamics. This
could mean that we can also study electrodynamics with general relativity. Or we can conclude that not
only gravity but also electrodynamics bends space-time. On the other hand, if we consider only gravity,
these fields satisfy Maxwell's equations. In this case, these vector fields express some waves similar to
fields in electrodynamics. This situation leads to the conclusion that our fields also include gravitational
radiation.

Hence, we can say that gravity is not very different from other fundamental interactions, or at least it
is very similar to electromagnetism. Since the fields added to the metric are added without considering
any interaction, the general results found mathematically (Lorentz force and stress-energy tensor of
electrodynamics) should cover for all interactions metrics. This actually introduces a new condition for
metrics or interaction space-time. Elements of metric tensor must be inner products of some vector fields
which satisfy Maxwell equations. We can find these vector fields according to the charge-current density
or mass-mass flux density of the interaction we are examining. Since the charge-current density is a
physical quantity and it contains all kinds of information about the event under investigation, we do not
need think about at least 10 elements of the Einstein tensor separately and trying to link it to a physical
cause. We can perform all the necessary calculations easier just using the density of the charge-current or
density-mass flux density denoted by J .

We can state many other details on the subject. However, as these will remain speculative at the
moment let us express some practical results of our approach. The metric we calculated as an alternative
to the Schwarzschild metric predicts gravitational time dilation, redshift and perihelion precession without
any problem. However, our approach does not have the singularity of the Schwarzschild metric. In the
field theory this singularity was a problem, although for the general theory of relativity this meant many
new results. Also, the light deflection has a slightly different prediction than the Schwarzschild metric.
While Schwarzschild metric predicts the light deflection as 1.75 arcsec, (14) predicts it as 1.90 arcsec.

The magnitude of light deflection has been a problem in general relativity for decades. Measurements
made with visible light did not give the predicted result by general relativity, so measurements were made
with radio waves instead of visible light. The predicted results were achieved in this way. However, the
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reason for the difference between the deflection of visible light and the deflection of radio waves has never
been clarified. Measurement difficulties in visible light were cited as the main reason for not achieving the
predicted result. When we examine the results of the measurements on the subject, we see that the results
of visible light are close to our result [10] and the results of radio waves to the result of Schwarzschild
metric [11][12].
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