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Abstract We study the inflation and the cosmological perturbations generated during the inflation
in a local scale invariant model. The local scale invariant model introduces a vector field S, in this
theory. In this paper, for simplicity, we consider the temporal part of the vector field S;. We show
that the temporal part is associated with the slow roll parameter of scalar field. We consider a
cosmological solution which provides sufficient number of e-foldings for the inflation. Finally, we
estimate the power spectrum of scalar perturbation in terms of the parameters of the theory.
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1 Introduction

In modern cosmology, the theory of inflation provides a platform to understand the early universe. The
beauty of inflation is that it not only solves many problems of standard model of cosmology such as
horizon problem, flatness problem, entropy problem, etc [1-9], but also generates the perturbation which
can act as seed for structure formation and simultaneously provides the explanation for the anisotropy
in CMBR spectrum. The simplest model of inflation usually contains a scalar field with a nearly flat
potential. During inflation, the universe goes through an exponential expansion for a sufficient amount of
time with a nearly de-Sitter background. In order to solve problems associated with standard model of
cosmology the number of required e-folding is around sixty which is related to duration of inflationary
phase. The background value of slowly rolling scalar field and its potential energy are responsible for
providing required number of e-foldings for inflation.

In this paper, we look for the solution giving rise to inflation in a local scale invariant model. Earlier,
this model has been explored in the context to explain current acceleration of the universe [10-12]. This
model does not have any dimensionful parameter. There is no cosmological constant present in this theory
because local scale symmetry is preserved here. However, the cosmological constant can be generated
when the scale invariance is broken cosmologically [10]. Cosmological constant is constrained by the scale
symmetry and hence it might solve the fine tuning problem associated with cosmological constant [12,13].
Once the symmetry is broken, the other dimensionful parameter such as gravitational constant is also
generated [10]. Thus, the scale invariance could be one of the appropriate symmetry to describe the
current universe. Some works related to removal of anomaly in conformal invariance and applications of
conformal invariance have been discussed in Refs. [10-23].

The local scale transformation is direct product of general coordinate transformation and pseudo scale
transformation [22]. These pseudo scale transformations are given by

Ty — Ty,
b= ¢/, g — g A2,
Ay — Ay, o A2 (1)

where, z,, is space-time coordinate, ¢ is a scalar field, g,, is the metric, 4, is U(1) gauge field, v is
the fermionic field and A(z) is scale of the transformation. Therefore, the action which already respects
general coordinate transformations, only needs to respect the pseudo scale invariance to have the local
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scale invariance. A vector field §,; called vector meson; is introduced here to preserve the local scale
invariance, where this vector meson transforms as

S = S, = 0,(In), 2)

under the pseudo transformation and thus the corresponding covariant derivative is given by D,’qu =
(O — fSy) ¢, where f is the gauge coupling constant. Incorporating the covariant derivatives, we can
write modified Ricci scalar R as

R=R—-6f°S"S, — 6fSh. (3)

Here, S, = (S, Si), &%, is usual covariant derivative of S* in the gravitational background and R respects
the pseudo scale invariance . In Ref. [11], the background value of temporal part of vector meson S;(= S;)
is taken to be zero as a solution. Under this condition, one obtains the de-Sitter solution if we consider
spatial part S; = 0. We can also consider S; # 0. The very small background value of S;(= S;) in early
universe epoch as an initial condition [11] explains the cold dark matter of universe today. In Ref. [11], it
is also argued that S; oscillates over time, however, averaging over time, the energy density corresponding
to S; drops as 1/a® and corresponding pressure is approximately zero. Thus, S; may be a candidate for
cold dark matter of the current universe.

For S; = 0, we can have the inflation for the infinite period. However, we would not have the definite
value of the power spectrum of the scalar perturbation since the slow roll parameter becomes zero. To
achieve the definite value of the scalar power spectrum we consider very small value of Sy in this paper.
In addition, we assume S; = 0 since it does not play any role during the inflation. Considering a solution
for S, we break the scale invariance [10,11,24,25]. We call this phenomenon as “soft local scale symmetry
breaking” [24, 25] similar to spontaneous local symmetry breaking. In the case of soft symmetry breaking,
a nearly de-Sitter solution can be obtained for certain choice of parameters.

The paper is organized as follows. In Sec. (2), we consider a local scale invariant scalar field model,
write all the background equations and show that we can have required number of e-folding during the
inflation. In Sec. (3), we perturb the Einstein’ equation, vector field equation and scalar field equation at
linear level. In Sec. (4), we calculate the power spectrum and finally the conclusions are drawn in Sec. (5).

2 Background Equations of Motion

In this section, we consider a local scale invariant action with a scalar field and a vector meson [10]. We
solve for all the background equations in terms of cosmological time and show that we have near de-Sitter
solution. Introducing a vector meson and corresponding covariant derivative, we may write the local scale
invariant action which respects the transformations (1) for a scalar field as following,

L= _§¢2R + Lmatterv (4)
where,
1 7% Vi / )‘¢4 1 wp vp
Lmatter = 59 Du(é)Dy(é) - T - ig g EMVEpo'a (5)

E. = 0,5 — 0,8, R is a modified curvature scalar, which is covariant under local pseudo-scale
transformation. We here note that we can not include any dimensionful parameter such as cosmological
constant in the action. The Lagrangian (4) has been studied in Ref. [10,11] to describe the current
acceleration of the universe. Here, we explore the inflation in this model. The Einstein equation for
Lagrangian (4) can be written as

1 1 4 -
BaB + Ea)\(dﬁ)c/\aﬂ + @(@2);)\”{D(Xﬂf€)\ _ @Taﬁ — Taﬁ, (6)
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where, the tensors Bag, C’)‘aﬂ and Daﬁ"“)‘ are given as,

1

Bag = —59apll + Rag + 3f9apS - S — 678,85, (7)

Cp = —3f9apS™ +3f (Ssga + Sagp) (8)
1

Dog™ = =5 (9295 + 9593) + 9asg™ 9)

respectively and for given Lqiter, the energy momentum tensor 7, takes form as following,
/ ’ 1 af ap
T,ul/ = _Ematterg/u/ + D“QDV@ - 5 (EauEﬁug + EuaEuﬁg ) . (10)

Varying the action with respect to @ and S, fields, we have equations of  and S,

9" 0,(0,® — £8,8) + (0,8 — fS,P) gwgaﬁaygaﬁ + 0,9 | + fg"S, (0,D — £S,D)

B

+AP? + ZQSR =0, (11)

and
1 3
ay [gupgua(apsg - aosp)] + igypgﬂggaﬁaugaﬁ(apso - 808p) + 56]02@29"“877 - ngVQSD/uQS
=2 ppgaut =0, (12)

respectively. We use FRW metric [1, —a?, —a?, —a?], where a(t) is the scale factor, to compute the

background equations. The equations of motion of vector field become,

£5:=5 (13)
S+ gs + (‘;’5 + 1) f2¢?S; = 0. (14)

Here, ¢(t) and S, (t) are the background values of scalar field ¢(x,t) and vector field S, (x,t) respectively.
The background values for ¢ — 0 components of energy momentum tensor TW, Elnsteln tensor G, C
and D terms of modified equation Eq. (6) are given as

Gio = Rig — 5g0R =0 (16)
¢;2,\;kD' =0 (17)
@;‘f Loy =618, g (18)
and also,
8fgi0S" Sy — 6125:S = —6£25:S;. (19)

From Eq. (18) and Eq. (19) using Eq. (13), the i — 0 component of modified Einstein equation (6) vanishes.
After simplifications, the background values of Lyqtter, Too and T} can be written as

4
Lmatter: L ( i f252¢2) AZ) (20)
2 2Q2 .2 )\¢4
Too = 2 (S + f257¢%) + 7 (21)
. . 2
Tjr = % ( f252¢2> ik + [2SSkd” — 99k — %azfsjk' (22)
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Using equation of motion fS; = % (t is cosmological time), the equation of motion of ¢ can be written as
A= -5t B (23)
a? 477
which can be simplified as
) ag Af2S? (38 ANP?
R—6-—18—= Ll —+1)=- . 24
s Wt e \2 7 E (@)

(0,0) component of Einstein equation gives

a 2 ¢ 2 d)a 4 1 ,
a 5 T2, = —15i 2+ 1) 25242
(a) +(¢> % 36¢2[2a2{5 +(38/2+1)f°5¢ }+

and taking trace of (i, ) component of Einstein equation, we have

2 (a\® 26 [\ ad 4 1 (.2 Ap?
T (5) 2 () +it - gl {8 - wrrpse) 2]

If we consider very small coupling constant f << 1, Eq. (14) becomes

4
Tl

§; = —gsi — $ = /a. (27)

If C, is very small, after a small time S; = 0, and so S; becomes nearly constant. For simplifications, we
assume S; = 0. From Eq. (25) and Eq. (26), we have

i _ M b_(d) , ad
a 35 _[qb_(cb) +5$] =
From Eq. (25), we have
o [ A
H+ 5 =/359 (29)

Differentiating Eq. (29) and plugging for ¢ and é in (28), we observe the consistency relation, (d/a =
H+H 2). We don’t have independent equation of motion of ¢ since the combination of Einstein equations
(25) and (26) gives Eq. (24) of scalar field ¢. We assume very slow varying scalar field such that inflation
can occur. We choose a power law solution for scalar field as,

b=alte—1t)", (30)

where, o and ¢, are constants. Inflation begins at time ¢;. We assume t. —t; >> N/H, N is number of
e-folding during inflation, so that ¢ is nearly constant during inflation. Here we consider n < 1. Therefore,

|%| = << % << H. Therefore from Eq. (29),

te—t
[ A

Ht 5ot

and hence the scale factor a grows exponentially, i.e., a ~ age . The slow roll paramter e

turns out to be,

~ ape

€= —— =/ —nar" —. (32)
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At the end of the inflation, the value of scalar field would be

38\ TFD
b = (ﬁ) N QT (33)
A
Now the number of e-folding N is calculated as
e =
N=[ Hit="" [<¢> - 1}, (34)
b n+1 ¢e

where, ¢; is the value of scalar field at the begining of inflation. From Eq. (34), it can be expressed as,

1)1 7%
60 = o1+ HEL (35)
The value of slow roll parameter ¢; at the beginning of inflation is given by,
1
SR CEEV (36)

We note that the inflation ends after certain time due to the non zero value of S; (= % ). Thus, S; plays
important role in natural exit of inflation and reheating the universe.

3 Cosmological Perturbations

In this section, we write all the perturbation equations in conformal time. We consider Newtonian gauge
and so the perturbed metric takes the form

Guv = a(ﬁ)2[1 + 24, (_1 + 2"/})61'3']’ (37)
where, A and 1 are scalar perturbations. In conformal time 7, the background equations of motion for
vector field are given as

fs0=%

9
5 (38)

3
i+ ﬂ;ﬁ +1)a*¢?S; = 0. (39)
Here, prime ' represents the derivatives with respect to conformal time. We note that we use ¢/ ¢ =
¢'/(ad) [So = aS;]. We perturb all the fields as @ = ¢(n) + ¢(n, 2, y,2), Si = Si(n) + Si(n, z,y, 2) and
So = So(n) + So(n, x,y, z). Therefore, the time-component of the perturbation equations of vector field is
given as

(714 (25101 — 4) = 9250+ 0:81) + = Si0,(4 —30) + B f : 5 20806 — 207504 + 62|
L5~ 1080~ r50d) -2 175 [0 assatobrod]=0 ()
Or,
f (323 + 1) a® (6250 +¢'6 = 68') — (A +1)S] = 9250 + 0,5, =0, (41)
and expanding the spatial component of vector equation,
SSz{a’/(A — 'L/}) 251{(14/ — "//) 25”(14 77[]) / Q L an U
B a® * a* a4 a® (S 8i50) Cat (S' B 6i50)
+% (73: - aialﬁl) Y (s' 0i50) - ai (A — 39 — 35f 20514

12625, + ¢>2s-] fo <2f¢S O+ 2fSib+ fbS; —

0:6) + iﬁ%m:o. (42
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Simplifying, we get

- (5 + 1) @[ 1816210 (8 + 0) ~0ud) + |2 A=) S +O7 S DS +S; (A + )05 -5 | =

(43)
The perturbed part of scalar field equation becomes,

171~ ~ ~ ~ ~ ~ ~ ~ ~ o~
= [¢" ~ £8k0 — £5u0 ~ IS4~ S0 — R+ faSio+ FSidid] + DoR
+§¢ 5R—6f[—255‘4 4 A50+ (50 —as) L S0 - ¢)—ﬁ 35% +2iso]

f2

+12—[SOA+S§w—So§o+Si§i] fS(b

2% (¥~ 80— £500) + T2, 4~ vy

2f ¢ fSo

(S% +S; 5) 1% [(;5 F6So — fSo<z>] ﬁ ( 6 — fS; ¢) +3X¢%% = (44)

Now we write the perturbatlon of each terms of left hand side of Eq. (6) except Guw = R — %gWR
which appears in B,g given in Eq. (7). Those are as following,

5 (329005 S, — 625050) = 62 [SuS + 5.5 + 524 + )] (15)
6 (3/29:05" Sy — 6125:50) = 61 (So5i + 5i50) (46)
5 (3129185, —6f255)=—6f2 (SS +SS>(z’7éj), (47)
5 (3f%9i; S8, — 6£%5:5;) = ( S0S00i; + SZ(A + )i + 045515, — Si8; — S; S) ,

(48)
@2 r N . A A
6 (a;QCéo) = Z—{ 16950 + $5:0:0 — So¢'d + So¢¢’} : (49)
@2 r o . A A
5 (8;2 Cz')b) = %{ 60/5i + 50006+ i (~0'd + 68') |, (50)
@2 r . A
J (8252 CZ);) = % 5500 + Siaj‘?} (1 #4), (51)
"hP? _6f
0 < P2 CJ) = ¢2 [( ¢¢ S + 2¢¢ SOA + SO¢ d) + 2¢SO¢ 'l/} SO¢¢ )52J + 5lj¢skak¢
—25,00; 03] , (52)
5 P2k Dy | = 207 6{a/¢/¢ +é (ﬂlld i aqs/w/) } 7 (53)
P2 qﬁ aqﬁz
Pk g, oa) 200 +9d) 2 [a(b/aiA o ié}
; (@D AL ) 54
P2 2 . . R
5 ( o Dz-j’“*) -5 [ 20 (2155 — (200) 13— (20051 + (268)
26 (A )% 40 )0+ @ A0y 2% (66 - 08)
+2(A+ w><¢2>"6m}- (55)
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Perturbing the right hand side of Eq. (6), we have 6T, = —%TQB + %&5Ta5, where,

1
6Taﬂ = _5£mattergaﬁ - Ematter(sgaﬁ + 0 |:,D(IX¢D£3¢ - 5 (EuﬁEuaguy + EauE,BVng)}
= _6£mattergaﬁ - Ematte'r‘égaﬁ + 5XDLB7 (56)
and using fSy = %, we have

1SR At SP

Ematter = =5 = 7 ¥ 31
0 Lomatter = _f2§§¢2¢ + f5§¢’ (016 — 15i6 = 1Si6] = 2670 - % (5204~ 0) — 518/ — 880,
oo = = 25 [s1(0i%0 - 30 - 2],
6Xi; = —fS:p(0;0 — foS; — [S;0) — [S;0(0ip — fpSs — [Sid)
- ch? |S7(81 = 0:80) + 1(5; — 9;50) — 28157 A],
§Xi0 = 0T = —f5i¢[¢3’ — fSo¢ — fgoqg} _ %(%& 060). -

In the next section, we utilize these perturbation equations derived here to compute the power spectrum
of scalar perturbation. The perturbation equations for i — 0 and ¢ # j of Eq. (6) are useful in eliminating
the gravitational scalar perturbation fields. However, in the next section, we show that for smaller 5 we
don’t need to eliminate these fields as these become much smaller than that of matter scalar perturbation
and hence we can drop these fields.

4 Power Spectrum

Now we focus on the power spectrum of the scalar perturbation. We only consider the background
value Sy which is due to scale invariance. However, we assume S; as zero considering the coupling f is
very small and we also assume Sy = 0 for the same reason. Using dR;g = —Q%A — 29" ~ —Q%A and
dR;; = 0;0;(A — ) for i # j and taking ¢0 and ij(¢ # j) components of perturbed part of Eq. (6), we
have

or, A~ —1. (58)
Considering, the very small value for 3, we may write the equation of motion (44) as,

¢+ 2%/& + [sz + mQaQ] &+ 122524 ~ 0, (59)
where, m? is given as,
BR

=+ 3A¢2] (60)

3 1 , a’
m? = — (2 + 1) ?[fso + 252 +2fgso} + [

The contribution from A ~ % in Eq. (59) is very small, and hence using the redefinition b= o/a, the
scalar perturbation equation may be written as

"
o’ + {kz +m?a® — %}a ~ 0. (61)

This is the standard perturbation equation and hence we can write its solution in the terms of Hankel’s
function. The solution of Eq. (61) is given by,

o = V= |er () H Y (<kn) + c2 (k) H (—kn) . (62)
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where H(2) is the Hankel function of first and second kind. For k > aH(—kn > 1), we have

HO <k > 1) ~ _Wlme«fknfm/%w/@, H <k > 1) ~ —Wlme*“*k"*””x/%ﬂ/‘*). (63)

Here, v, = 3/2+e—1n, and ), = m?/3H? < 1. Imposing the boundary condition c¢; (k) = (y/7/2) e!(m¥x/2+7/4)
and cz(k) = 0, the solution becomes a plane wave e~"*"/1/2k for ultraviolet regime, k >> aH. For this

choice of ¢; and ¢y, we get

R H k 3/2—vy

o~ — . (64)
V2k3 \aH

Thus, the power spectrum of curvature perturbation R = ¢ + %gﬁ ~ %QAS is given by,

k3 H?

A
~ 2
~ 5o g2 19

_ N(n+172
1272 '

Pr {1 n (65)
Now it would be clear that choosing n < 1 reduces the tensor-to-scalar ratio » and makes our prediction
compatible with the Planck data. The tensor-to-scalar ratio r is given by,

16

P =166 = — 2

(66)

For n =1/2 and N = 60, r is 0.088 which is in the observational bound r < 0.11 [26]. The observational

value of curvature power spectrum Pr = 2.19 x 1079 [26] gives a % ~7.9x10712 for n = % Since we

have considered § << 1, the value of A must be much smaller so that ratio % is approximately order of
10712, We notice that the power spectrum is similar as we usually obtain in standard Jordan frame. The
only difference here from standard case is that we have reduced mass for m?2. Substituting R = 6a” /a3,
the mass term is simplified as

m? ~ 4\ (67)

The second slow roll parameter 1 becomes n = m?/3H? ~ 4\¢?/(3H?) ~ 43 and hence the spectral index
Nng is

ng = 1—6¢; + 21, = 1 — 6¢; + 843. (68)

B = 1.4 x 10~* satisfies the observational value of n, = 0.968 [26] for n = 1/2 and N = 60. Thus for
n=1/2 and Pr = 2.19 x 1077, we obtain A = 1.1 x 1075, At the upper bound of n, = 0.968 4 .006 [26]
of Planck data 2015 with 1o confidence level, i.e., at ny, = 0.974, r can be reduced to ~ 0.07 with
B =1.0x107° and n = 0.355. It can be further reduced to ~ 0.053 with 3 ~ 7.5 x 1076 and n ~ 0.252
at the upper bound of ng of Planck data 2015 with 20 confidence level.

5 Conclusion

In this paper, we have implemented the local scale invariance to describe the inflation. Assuming S; = 0
and considering non-zero value for the temporal part S; we have obtained the background solution
near the de-Sitter solution. The non-zero value of S; fixes the period of inflation. We can have 60
e-folding for very small value of fS;. Further, we have also solved for power spectrum of scalar field
by perturbing all the scalar fields and shown its consistency with the Planck data 2015. Here, we have
considered that the coupling f is very small so that the perturbation fS'O in conformal time frame is
smaller than that of perturbed scalar field q@ Incorporating the background value of S; we have shown
that we have similar perturbation equation as we obtain in the standard scenario. However, we obtain
reduced mass of scalar field by a small fraction which is function of coupling f. Thus, S; has also its
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crucial role in obtaining definite value of the scalar power spectrum. The non zero value of f is also
a requirement in the same way as of Sy, since f = 0 also sets ¢ = 0 (see Eq. (13)), i.e., ¢ is constant
and hence it causes problem in the exit of inflation. In this paper, we have considered a scale invariant
¢* potential. We can generalize it for other scale invariant potentials to explain the cosmological data.
Thus, the scale invariance may be used in wide range to explain both inflation and current acceleration
of the universe. In future, we would like to generalize our results by considering the perturbation Sy and ;.
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