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1 Introduction

In this paper, we investigate the existence of at least one weak nontrivial solutions for the discrete
nonlinear problems of Kirchhoff type.

—M (A(k — 1, Au(k — 1))) A(a(k — 1, Au(k — 1)) = M f(k,u(k)), k € N[1,T]
(1.1)
u(0) = Au(T) =0,

where A is a numerical parameter. Au(k) = u(k + 1) — u(k) is the forward difference operator, N[1,T] =
{1,...,T}, a, A, M and f are functions to be defined later (see [5,13]).

Discrete boundary value problems and nonlinear difference equations emerge from real world problems
and are claimed to be employed as handy means for the description of the processes which are endowed
with discrete intervals. They intervene in many fields such as economy, biology, physics, mechanics,
computer science and finance [1,2].

Problem (1.1) has its origin in the theory of nonlinear vibration. For instance, the following equation
describes the free vibration of a stretched string (see [3])

0%u Ea (% ou, 0%u

where p > 0 is the mass per unit length, T} is the base tension, F is the Young modulus, a is the area of
cross section and L is the initial length of the string. In [4] Blaise Kone and Stanislas Ouaro are studying
the following problem
—Aa(k—1,Au(k—1))) = f(k), ke N[1,T]
(1.3)
u(0) = Au(T) =0,

where T > 2 is positive integer. In [5] the authors proceed to the generalization of the probem (1.3).
In our paper we base ourselves on the model of the [5] taking f(k,u(k)) instead of f(k). The major
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difference between the [5] and our problem (1.1) lies in the fact that by four different methods we prove
that the problem (1.1) admits at least a weak nontivial solution.

Our paper is organized in the following way. In section2 we define the general results that we will use
throughout our work. In section3 we show that problem (1.1) admits at least a weak nontrivial solution.
In section4 we proceed to an extension of the previous results.

2 Mathematical Background

By a solution to problem (1.1) we mean such a function u : N[0, T + 1] — R which satisfies the given
equation on N[1,T] and the boundary conditions. In the T-dimensional Hilbert space

X = {u N[0, T+ 1] — R:u(0) = Au(T) = O}7
with the inner product

T
(u,v) = Zu(kz)v(k), YVu,veX,
k

=1

we consider the norm

-

2

el = (gj uwpP ) (21)

Let the function

p:N[0,T] —> [2, +00) (2.2)
and denoted by
~ = mi k + = k).
Lo p(k), »p . égﬁfﬂp( )

For the data a and f, we assume the following.

(Hy) a(k,.): R = R, k€ N[0,T] and there exists A(.,.): N[0,T] xR =R
Y which satisfies a(k,&) = é%A(k,é) and A(k,0) =0, forall k € N[0, T].

(Hs). For all k € N[0,T] and £ # ¢
(a(k, &) — a(k,)) (¢ —n) > 0. (2:3)
(Hs). For any k € N[0,T], £ € R, we have
p(k)A(k,€) > a(k,§)¢ > [¢[PP). (2.4)
(Hy). For any k € N[0,T], £ € R it exist C; > 0 such that
la(k, &) < CL(1+ [¢[PH1). (2.5)

(Hs). We also assume that the function M : (0,4+00) — (0, +00) is continuous and non-decreasing and
there exist positive numbers Dy, Dy with D; < Dy and « > 1 such that

Dit*™ ' < M(t) < Dot™™ for t>t*>0. (2.6)

(Hg). For each k € N[1,T], the function f(k,.) : R — R is jointly continuous and there exists the
functions Ay, As : N[1,7] — R\ {0}; Bi1,Bs : N[1,T] — (0,4+00) and a function r : N[1,T7] —
[2,4+00) such that

Ar(k) + Bi (k)€Y < f(k,€) < Ba(k)|€]" M1 + Az(k), (2.7)
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where
—c0< Ay = inf Ai(k), A= sup Ai(k) <O0;
= keN[1,T] 1(k) ' keN[F,T] (k)
—00 < Ay = inf Ay(k), Ay = sup As(k)<O0;
— keN[LT] kEN[1,T)
0< By = inf By(k), Bi= sup Bi(k)<+oc;
—  keN[LT] keN[1,T)
0<By= inf By(k), Ba= sup Ba(k) < +oo;
— keN[LT] kEN[1,T)
v~ = min r(k), r"= max r(k) and there exists
keN[1,T] keN[1,T]
a1,z > 1 such that By > max(aq, as)|Aq|rT.
We denote

3
F(k,¢) :/0 f(k,s)ds for (k,&) € N[0,T] x R.

(2.8)

Example 2.1. There are many functions satisfying both (Hy) — (Hs). Let us mention the following.

Ak, €)= o )((1+|€| )p(k)/rz—l), where a(k,€) = (1+[6?) " ™%, vk eN0,T], ¢€R,

r(k)—1

f(k§ +|§y , YEeN[1,T] and ¢ e€RT,

(t) =

Moreover, we may consider X with the following norm

1

T
[ulm = (Z |u(/€)|m> , YueX and m>2.
k=1

We have the following inequalities (see [6])

TCE=m/CM) yly < |ulp < TY™uly, YueX and m>2.

We need the following auxiliary results throughout our paper (see [7]).
Lemma 2.1.

1. There exist two positive constant Cy, C3 such that

p—
2

T+1 T+1
Z|Au DPE=D > ¢ <Z Au(k—1)|2> — O
k=1

for all w € X with |ju| > 1.
2. For every u € X with ||ul| < 1 we have

T
2

T+1 3 T+1
> |Au(k - 1) (Z | Au(k — 1)2>
k=1 k=1

3. For any m > 2 there exists a positive constant c,, such that

T T+1
> u®)™ < em Y |Au(k - 1), Vue X.
k=1 k=1
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4. For every u € X we have

T+1
S Au(k — )P < (T +1) (2?* ull”" + 1) (2.14)
k=1

(see [8]).

Theorem 2.1. [9] Let H be a reflevive Banach space. If a functioal J € C1(H,R) is weakly lower semi-

continuous and coercive, i.e. | lﬁm J(x) = 400, then there exists xo such that
x||—00

222 J(x) = J(20)

and xq is also a critical point of J, i.e. J'(xo) = 0. Moreover, if J is strictly convex, then a critical point

18 unique.

Theorem 2.2. [10]/(Ekeland’s principle) Let E be a complete metric space and @ : E — R a lower
semicontinuous function that is bounded below. Let ¢ >0 andu € E be given such that

€
w) <i —.
d(a) _u%f@-ﬁ- 5

Then given A > 0 there exists uy € E such that

(1) @(uy) < P(u),
(i) d(ux, @) <A,
(iii)  P(ux) < P(u) + Sd(u,ux) for all u # uy.

Definition 2.1. Let H be a real Banach space. We say that a functional J : H — R satisfies the Palais-
Smale condition if every sequence (un) such that {J(uy)} is bounded and J'(u,) — 0 has a convergent
subsequence.

Lemma 2.2. [11] Let H be a Banach space and J € C'(H,R) satisfies the Palais-Smale condition.
Assume that there exist xo,x1 € H and a bounded open neighborhood (2 of xo such that x1 ¢ 2 and

max {J(zg), J(z1)} < zie%fn J(x).

Let
F:{hGC([O,l],H) h(O):(E(], h(l)zifl}

and

= inf J(h(s)).
TR

Then ¢ is a critical value of J; that is, there exists x* € H such that J'(*) = 0 and J(x*) = ¢, where
¢ > max {J(x), J(x1)}.

Theorem 2.3. [12] Let E be a finite-dimensional Euclidean space, n, p1, p2 : E — R be differentiable
function, and S = {x € E: p1 < 0,2 < 0}. Moreover, let T € S be such that
n(T) = igfn(x). Then there exist numbers oo, 1,02 > 0 such that (00)? + (01)% + (02)% > 0 and

o0 (T) + o1p1 (T) + 02p5(Z) =0 and o1 (T) =0, o2p2(Z) = 0.

3 Existence of a Solution

In this part we will show that the problem (1.1) admits at least one nontrivial solution. For that we will
use several methods such as that of minimization, the method of montain pass then that of Ekelands
variational principle. First of all we will check that the functional J) satisfies the condition of Palais-
Smale.
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(23

We define the energy functional corresponding to (1.1); Jy : X — R by

e T+1 T
=M (Z Ak — 1,Au(k—1))> =AY F(k,u(k)) (3.1)
k=1 k=1

where M fo
The functlonal J \ s dlﬂ?erentiable in sense of Gateaux and its Gateaux derivative reads

T+1 T+1 T
M (Z Ak —1, Au(k — 1))) > ak -1, Au(k — 1)) Av(k — 1) = XY f(k, u(k))v(k), (3.2)
k=1 k=1

k=1

for all u,v € X.
A critical point to Jy, i.e. a point w € X such that

(Jy(u),v)y =0  forall veX (3.3)
is a weak solution to (1.1).The previous results have been prouven in [5,13,14].

Lemma 3.1. Assume that (2.5), (2.6), (2.7) ,(2.10) holds and v~ > p*ta. Then for any X > 0 the
functional Jy satisfies the Palais-Smale condition.

Proof
Assume that {u,} is such that {Jx(u,)} is bounded and J} (u,) — 0.
We have X finitely dimensional, it is enough to show that {u,} is bounded. Assume that {u,} is

unbounded, we have for n large enough, ||u,|| sufficiently large. We consider n large enough by (2.5),
(2.6), (2.7) and (2.10)

D T+1 o T T
2 r
(ZA — 1, Au, (k 1>> A(lAlZmn( :+Z |<’“>>

= k=1 k=1

Ay (k—1) @ B, L
Z/ |a(k—17s)|d31 —A<—|Al|\/TZ|un( :+Z )
k=170 k=1 k=1
Dy O T+1

@ Z (|Aun(k — 1)+ | Auy, (k —1)|p(k—1)>

k=1 p

J)\(un)

| /\

D2
(&%

IA

IN

2—r

BlT 2 e
M 1ALV 4+ =5 I

(T +1) (27wl P +1)
wn (T + 1)] + 2V T |Jun|| + = -

. DCp
[0

BlT 72‘ r—
M =AUV T [ + ==l

Since = > pTa and ||u,|| — +oo; we have Jy(u,) — —oo. This is absurd. So the sequence {u,} is
bounded.

3.1 Case p~— > %

In this part by the method of minimization, we will show that the problem (1.1) admits at least a weak
nontrivial solution.
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Proposition 3.1. Assume that ( 2.4),(2.6), (2.7),(2.10), (2.11), (2.13) holds and p~ > %, Jy is
coercive for all X > 0.

Proof according to ( 2.4), (2.6) and (2.7), we have

(iA —1, Au(k —1> )\ZFk:u
T+1 o B T T
ZA -1 Auk—l)] —A(fZu<k>|r<’“>+|Az|Z|u(k>>

T+1

Z|Au 1|p’“] A(BQZ| |T(’“)+|A2|Z|u )

We will prouve the coercivity of Jy for [|u|| > 1. We deduce from the above inequality (2.10), (2.11)
and (2.13) that

| \/

T+1 by
I (u) za(];i)a Cs (Z Au(k:—l)|2> —oy| -
k=1

) (B S+ 2 S b+ AVT Y u<k>|2>
k=1 k=1 k=1

D Cy -+
a(pi)a Ll —Caf = A(Z0ull + Eiplp” + 1AVl

(c2) 2

Hence p~ > Z—, J, is coercive.

o

Theorem 3.1. Assume that (2.5) and (2.7) holds, for all p~ > % and X > Ao, the problem (1.1) has
at least one weak nontrivial solution.

Proof. By [5] Jy € C'(X,R) and weakly lower semicontinuous. Moreover by Proposition 3.1 we prove
the Theorem 2.1. Let u. € X a global minimizer of .J, which is a weak solution of problem (1.1).

We show wu, is not trivial for all ap™ > rT and A > A.

For ty > 1 be a fixed real and ky € N[0,T + 1], we define ug : N[0,7 + 1] — R such that
ug(ko) = to, up(k) =0 for any k € N[0, T)\ {ko} and wug(0) = Aug(T) =0, we have ug € X.

By (2.5), (2.6) and (2.7)

Do tp(kl)*l) + tp(k()) @ B B
Ja(ug) < =2 (2??0-1-00 —/\(—Al|t0‘*‘jt6 )
o D r
+

Do (4C)* t5P B
DA (2

Dy (4C07)* 27" B
< M — Mo ( max (o, ag)|Aq] + j)

a r

where n
Dy (4C) 57 1

o (— max(aq, )| Aq| + f:i) .

Ao =

We have Jy(ug) <0 for any X €]A\g,+00). It follows that Jy(u:) <0 for any A > Ag , uc is a weak
nontrivial solution of problem (1.1) for A large enough. O
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3.2 Caser  >pta

We have previously shown that if »= > pTa J, satisfies the Palais-Smale condition. We can thus use
the mountain pass geometry Lemma.

Theorem 3.2. Let v~ > pta and the condition ( 2.4), (2.5), (2.6), (2.7), (2.10), (2.12), (2.13) holds.
Then for X € (0, A1) the problem (1.1) has at least one weak nontrivial solution.
Proof. Let
N={ueX:|lul| <0}
with 6 € (0,1).
For u € 2, by ( 2.4), (2.6), (2.7), (2.10), (2.12) and (2.13)

D [& p(k—1) i By r(k) ¢
Ia(u) = PP > [Auk - 1) = DLk ™+ [Ag] Y Ju(k)]
k=1 k=1 k=1
D T*M T+1 2 Yl T 3
1 2 5 -
= e (Z | Au(k — 1)2) —A — Z (k)" + [As|VT ( |U(k)2>
p k=1 k=1 k=1
o BoT
1 p} to 5 —
> DI e (Ll + Ll ).
a(c2) 2 (ph)

For u € 012, we obtain

Di{T——= BT
() zlweap*—Ae( - +|Azx/f)-
a(e2) ()" ’

So for everything X € (0, A1)
Ja(u) >0 for allu € 902
with

(r*-2)e

9(0P+—1)D1T* 5

a

pT
ool e
LT
BT 4| A VT
Consider u € X such that wu(k) > 1, for k € N[1,T]; by (2.5), (2.6) and (2.7)

o [T+1 ulk — 1)[Pk—=1D) « T ) T
JA<u>§Dfl[Z (140 - py+ 12E=D) )] A(MZu(k)HﬁZu(mW“).
k=1 k=1

k=1 p

Let u; € X defined in the following way : u,(k) =t for k€ N[1,T +1].
Then ¢t > 1, we have

DyC¥ PO\ “ By _
Ta(uy) < =21 (t+ — ) —\T (—A1|t+jﬂ )
a P — r
2C1)* DytoP” B
< PG Dt (—|A1|t—|— =" > .
a — r
Since 7~ > ap™, t_l}T Jx(ur) = —oo; then there exists tp such that for

Ut, € X\Q, J)\(uto) < unEHBI}Z JA(U).

Jx € CY(X,R), and according to Lemma 2.2, the problem (1.1) has at least one weak nontrivial solution.
O
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3.3 Case ap™ >r~

In this sub section, by applying the Ekeland’s variational principle we will show that the problem (1.1)
admits at least a weak nontrivial solution.

Proof. Take A € (0, A\1). By proof of Theorem 3.2, for every u € 92 we have Jy(u) > 0.
Using Weierstrass theorem we obtain

inf .
UIE%Q J)\ (u) >0

Taking u(k) € (0, 8), we have

T+1 _ @ T T
Dy CY Au(k — 1)[pE=1) B,
JA(U)S% Z<|Au(/<:—1)+| u p_” )] —)\<—|AlZ|u(k :+Z |T<k>>.
k=1 k=1 k=1

For t € (0,0), assume that

A (7 max (a1, ag)|A1| + %)
DQ(ZCl) (ﬁ n )

we choose ko € N[1,7] such that r(kg) = r~. Let up € X be a function such that wug(ko) = t,
ug(k) =0 for any k€ N[1,T]\ {ko}.

We obtain
DO p(ko—=1) 4 4p(ko)\ ¢ By -
21 <2t+ * ) —A<—|A1t+jt’” >
D — r

t< P

)

I (uo)

IN

[0

« p_ @ B _
< D2C) <t+t> A<|A1t+1t’“ >
! P~ — rt

There exists 81,1 > 1 such that Bit? >t and at” >t.

We have
Dy (204) toP~ 1 By
In(u) < 22200 7 (ﬁl +p_) A( cnl Ay + ) o

a
Dy (2C) tor~ 1 B -
< Do (2687 <ﬂ1 + ) - A (—maX(al,az)Aﬂ + j) t" <O.
a P r

Thus Jy(up) <0 for ug € Intf2.
Therefore,

inf .
uel?ntﬂ J)\(u) <0

So,

uElPrftQ Iw) < ule%fn Taw).

Using the proof of [7] we have

0<e< uIG%fQ Ix(u) — uel}ljm Ia(w).

Applying Ekeland’s variationnal principle to the functional Jy : 2 — R we find u. € {2 such that
inf
Ia(ue) < nf Ja(u) +e
< In(u) +el|lu—uel]  for w# ue.
Since

I (ue) <uireng,\(u)+s< inf  Jx(u )+€<uie%fn<],\(u),

uelnts?

JAAM Copyright © 2021 Isaac Scientific Publishing
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we deduce u. € Intf2.
Now we define Ly: 2 — R by

Ly(u) = Ix(u) +ellu —ue|| for u# u..
We have wu. as a minimum of L) and therefore

Ly(ue + tv) — Ly(ue)
t

+elfvl[ =0

for any v € {2 and a small enough positive ¢.

We deduce that
In(ue + tv) — Jx(ue)

t

+¢l|v|| > 0.

Letting t — 0, it follows that
(JA(ue),v) +ellv]] >0,

we obtain
|3 (ue)] < e.

There exists a sequence {s,} C Int{2 such that

Ia(sn) — 12}"2 I (u) and Ji(sn) = 0

Since {s,} is bounded in X there exists sg € X such that, up to a subsequence, {s,} converges
to sp € X. Thus
Ja(s0) = in£2 I (u) and Ji(so) = 0.
ue

so is one weak nontrivial solution for problem (1.1). O

3.4 Multiple Solutions
In this section we prove the existence of at least two weak nontrivial solutions of the problem (1.1).

Theorem 3.3. Assume that (2.4), (2.6),(2.7), (2.10), (2.11), (2.13) holds ; let r~ > ap™ and

2 Dy CarP
T +(p+)°‘*1 p_ Cs

7>1. Forany A€ |0, TT+(‘&‘\/%C+2)2TT?2) the problem (1.1) has at least two weak nontrivial

solutions where one solution satisfies ||u|| > 1.

Proof. Let
Q= {ue X:llull <7 @i={ue X flull =},

where x € (1,7). Assume that ug € X isa local minimizer of Jy in 2= (2,N1,.
If ug € Int(£2) by using Lemma 2.2 Jy(ug) < Ienalg In(u).
u -

Now suppose that ug € 92,, by Theorem 2.3 there exist og, o1, 02 > 0; 02 +0? +05 >0 such
that for all v € X

a1 (|luol® = 7%) =0, o2 (x* = [luol|?) =0 (3.4)
and
ao(J\(ug),v) + o1 (ug, v) — o2 (ug,v) = 0.
Since ug € 042;, we have ||up|| =7 and o9 =0. Taking v =uy and g9 =1 we see that

T+1 T+1 T
M (Z Ak =1, Aug(k — 1))) > alk =1, Aug(k — 1)) Aug(k — 1) + o [[uo| | = XY _ f (k, uo(k))uo (k).
k=1

k=1 k=1

Copyright © 2021 Isaac Scientific Publishing JAAM
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By (2.4), (2.6), (2.11) and (2.13)

k=1

T+1 T+1
M (Z Ak — 1, Aug(k — 1))) > alk =1, Aug(k — 1)) Aug(k — 1) + o1 [Jug||* > o172 +

T+1 a=lpy
Dy <Z Ak — 1, Aug(k — 1))) > alk =1, Aug(k — 1)) Aug(k — 1).
k=1 k=1
We have
T+1 T+1
(ZA —1, Aug(k — 1)) ) Z k—1, Aug(k — 1)) Aug(k — 1) + o1 ||uol|* > o172 +
D1 CQTp_ ot e
L SO |Aug(k — 1),
(pt)e-t ((02)‘“2 ) ;
We obtain

1

T+1
M (Z Ak — 1, Aug(k — 1))) a(k — 1, Aug(k — 1)) Aug(k — 1) + o] |uo|[* > o172 +
k=1 1

~
+

=
Il

Dl CQTIF “
(pF)o—1 <(02)p2 —03> :

Using (2.7) and (2.10)

T

T
XY f(kyuo(k))uo(k ( |Z|U0 |+B22|u0 " +322|u0(k)|r>

k=1

/\

<A (14, ¢*me+TBﬂmar + TBs o)

<t (\A2|\F+2TBQ)

So,

D N “ .
o1r? 4 (CQTP_ 03> <A (|@|\FT+2TBQ).
(p ) (02)7

This is contradictory. Hence ug € Int(f2) is a nontrivial minimizer of Jy.
By proof of Theorem (3.2) there exists uy € X\{2 such that Jy(u1) < malg Ix(w).
ue T

By Lemma 2.2 wu* € X is critical point of the functional J).
We have wg and u* are two different weak nontrivial solution of the prolem (1.1) and since
ug € Int(2), it is easy to see that ||ug|| > 1.. O
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4 An Extension

In this section, we show that the existence result obtained in (1.1) can be extended to more general
discrete boundary value problems of the form

—M (A(k — 1, Au(k — 1)) Ala(k — 1, Au(k — 1)) + |u|?®=2u(k) = A f(k,u(k)), k € N[1,T]

u(0) = Au(T) =0,

with ¢ :N[1,T] — (2, +00).
A function u € X is a solution of problem (4.1) if for any v € X,

T+1 T+1 T
M (Z Ak —1, Au(k — 1))) > a(k—1, Au(k—1)) Av(k—1 +Z (k)10 2u(k)o(k) = X f(k, u(k))v(k)
k=1 k=1 k=1 k=1
(4.2)

Theorem 4.1. Assume that ap™ >rt and X > A\, the problem (4.1) has at least one weak nontrivial
solution .

Proof.
In this part we use the proof of Theorem 3.1. For u € X, we define the energy functional J by

(TZHA k—1, Au(k ) Z |u|q<k> )\ZFkuk:))

k=1

The functional J is well defined, weakly lower semi continuous and is of class C'(X,R) with a derivative
given by

T+1 T+1
(J4 (u) (Z Ak — 1, Au(k — 1))) > a(k— 1, Au(k — 1)) Av(k — 1) +
T Tk:1
Dk T B Pu(k)o(k) = Ay f(kyulk))o(k),
k=1 k=1

for all u,v € X.

Since
SPITEEL
k b
k=
we have
T+1
J()>M<ZA k—1, Au(k — 1)) >A2Fku (4.3)
k=1

According to Proposition (3.1) we deduce that Jy is coercive. Let w) be a global minimizer of Jy,
taking up such that wug(ko) =to, wuo(k) =0, for k € N[0, T]\ {ko} and
up(0) = Aug(T) =0 with ¢ > 1 is a fixed real.

We have
Dy (A0 107" " B
a(ug) < 2100 L 0 < max (a1, ag)| A1 | + +> :
o q T
where
DQ(ﬁlC'l)OLtgtp+ + t8+_1
Ao = = L

it
—max(aq, az)|AL| + T:i

It follows that Jy(uy) <0 for any A > Ag. wy is one weak nontrivial solution of problem (4.1).
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Lemma 4.1. Assume that (2.10) hold and v~ > max (ap™,q%). Then for any X\ > 0 the functional Jy
satisfies the Palais-Smale condition.

Proof. By the proof of Lemma 3.1, we obtain

(T +1) (2" lun " + 1)

DyCY
In(un) < 270 N (T + D] + 2V T [Jug || + p=
= 1 (k) 2 BlT% r
> s lun ) = A | | A VT |2+ == | fun|
= q(k)
By (2.10)
+ +
DaC (T +1) (2P ||| P +1)
In(un) < 20[ = (T + 1)) + 2V T un || + =
T\, |7 BT~ -
Alenll® _ x (Tl 4 B
Since 7~ > max (ap™,¢") then the sequence {u,} is bounded. O

In this part we apply the mountain pass geometry Lemma.

Theorem 4.2. Assume that r~ > max (ap™,q") holds. Then for X € (0,\1) the problem (4.1) has
at least one weak nontrivial solution.

Proof. We will refer to the proof of theorem 3.2.
Let
N={uveX:|lu| <0}

with 6 € (0,1).
For u € 2
(rt-2)a _
Ja(u) > Mw—+29w+ — )0 (BQ_T + |Az\/T> .
a(e) = (ph)° "
For all A € (0,\;) we obtain uie%f(z Ja(u) > 0. Let u; € X be defined as follows : wuy(k) =t for

keN[1,T+1).
For ¢t > 1, we have

2C,)* DotoP" B, -
Ja(u) < GOV DA™ et g (—|A1t + =t ) .
— r
Since r~ > max (ap™t,q™"), tli+m Ja(u;) = —oo; then it exist ¢; such that
— 400

wy, € X\2,  Ji(uy) < urrel(iar}zJA(u).

Jy € CYX,R), and the assumption of Lemma 2.2 the problem (4.1) has at least one weak nontrivial
solution. 0

We apply Ekeland’s variational principe with min(ap™,¢~) > r~, we will use the result of case
ap— >r.

JAAM Copyright © 2021 Isaac Scientific Publishing
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For A€ (0,\1)

ule%fQ Ixn(u) >0

For t € (0,0), assume that

A (= max(ay, 02)| A + )
PERE (824 55) + paone)

we choose kg € N[1,T] such that r(kg) =r~. Let up € X be a function such that wg(ko) =t and
ug(k) =0, forany k€ N[1,T]\ {ko}.

We obtain

Dy (207)° e \" B

a(ug) < Dy 2¢1)7 <t+_> + >\<|A1|t++1t’“ )
« P I T

t < min(ap™ ,q~ )—r"

)

There exists B2, 9 > 1 such that [ot? >t and ast” >t.

We have
Dy (2C) top~ 1\° _ By _
Jy(ug) < 22RO (52 . _) LA (Al|t+ ZLyr )
o D r
Dy (2C4)° min(ar™a7) e o B,
< . - - — r
< " B2 + = + Dy 20| ~ —as| A4 + t

D (207)* tmintep™a7) 1\° a B,
< — _— | — A = | .
< 5 B2 + o + Dy (2C1)° A | —max(ay, )| A + <0

Thus, Jx(ug) <0 for ug € Intf2.
By the same reasoning we prove that the problem (4.1) has at least one weak nontrivial solution.
Now we will prove that problem (4.1) has at least two weak nontrivial solution.
In the case of multiple solutions we will use the Theorem 3.3 and the same sets defined previously.

Proof. Let ug € X alocal minimizer of Jy on 2=, N90,. If wug € Int(2) we have
J)\(uo) < IEn@l_I(lZ J,\(u).

Assume that wug € 0f2,, we have o9 =0, taking v =ug and o9 =1 we get

T+1 T+1 T
M (Z Ak — 1, Aug(k — 1))) > alk— 1, Aug(k — 1)) Aug(k — 1) + Y |ug|™™ +
k=1

k=1 k=1
T
O'1H’LL0H2 Z k uo (k‘)
k=1

We have

T+1 T+1 T
M (Z Ak — 1, Aug(k — 1))) > ak — 1, Aug(k — 1) Aug(k — 1) + Y |uo| "™ + o1 |[uo|* >
k=1

k=1 k=1

T+1 T+1
M (Z Ak — 1, Aug(k — 1))) 3 alk — 1, Aug(k — 1)) Aug(k — 1) + o1 [Jug|

k=1 k=1

By the same reasoning we prove that problem (4.1) has at least two weak nontrivial solutions. O
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