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Abstract Let R = (—00,00), and let @ € C*(R) : R — [0,00) be an even function which is
an exponent. We consider the weight w(z) = ¢ 9@z € R and then we can construct the
orthonormal polynomials p,(w?; ) of degree n for w?(x). In this paper, we study the (I,v) order
Hermite-Fejér interpolation polynomial Ly, (I, v, f; x) based on the zeros {zs. . }7_; of p,(w?; z), and
we estimate the Lebesgue function of L, (I, v, f; ).
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1 Introduction
Let R = (—00,0), and let @ € C}(R) : R — [0,00) be an even function. We consider the weight w(x);

w(z) = exp(—Q(z)),z € R.

Then we suppose that fooc 2"w?(z)dr < oo for all n = 0,1,2,.... Now we can construct the orthonormal
polynomials p,,(z) = p,(w?; x) of degree n for w?(x), that is,

/ P (2)pm (2)w? (x)dz = 6,y (Kronecker delta).

— 00
We denote the zeros of p,(z) by
—R0 <L Ty < Tp—1n < ... <T2p < Ti1p < Q.

For f € C(R) we define the higher order Hermite-Fejér interpolation polynomial L, (v, f;x) based on
the zeros {xy n}7_, as follows:

L%)(V7f7-rk7n) :(507if<-1'k7n)7 k= 1,27“-’”7 Z-:O’l""’l/_l'

L, (1, f;x) is the Lagrange interpolation polynomial, L, (2, f;z) is the ordinary Hermite-Fejér interpo-
lation polynomial, and L, (4, f;x) is the Krylov-Stayermann polynomial. The fundamental polynomials
hign(v;x) € Pyn—1, where we denote the class of polynomials with degree n by Py, for the higher order
Hermite-Fejér interpolation polynomial L, (v, f;x) are defined as follows:

v

-1
hign(v; ) lkn E ei(v,k,n)(xz — zkn)",

pare
prw?; x)
(2 = Tpn)pp (W25 T )

lk,n(:ﬂ) =
hien(V; Tpn) = Okps h,(ci)n(y; Tpn) =0, kp=12...,n i=12,...,v—1.

Using them, we can write as follows:

Zfzkn hkn V I)
k=1
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Furthermore, we extend the operator L, (v, f;x). Let | be a non-negative integer, and let v — 1 > [. For
f € CYR) we define the (I,v)-order Hermite-Fejér interpolation polynomials L, (I,v, f;z) € Pyn_1 as
follows: For each k =1,2,...,n

Ln(l v, fa xk:,n) = f(xk,n)a

LP v, fizen) = fD (@rn), §=1,2,...1
L](lu,f,xkn =0, j=1+11+2,...,v—1.

V\_/

Especially L, (0,v, f;z) is equal to L, (v, f;x), and for each P € P,,,_1 we see L, (v — 1,v, P;x) = P(x).
The fundamental polynomials hs  n(v; ) € Pun—1, k=1,2,...,n, of L,(l,v, f;x) are defined by

v—1
hs,k,n(y§ CL’) = l]’;,n(x> Z esi(V7 k7 n)((E - xk,n)i7

hsj,)?n(l/;xp’n)zfssjékp, 4,s=0,1,....,.v—1, p=1,2,....,n

2]

Then we have

w(l v, fr2) ZZf(S Thon)hs ke (Vs 2).

In this paper we estimate the Lebesgue function of L, (I, v, f;x). Then we give an application with
respect to the uniform convergence of L, (I, v, f;x).

For any nonzero real valued functions f(z) and g(x), if there exist constants Cy, Cy > 0 independent
of = such that C1g(z) < f(x) < Cag(x) for all z in the range, then we write f(x) ~ g(z). Similarly, for
any two sequences of positive numbers {c,}°2 ; and {d,}2° we define ¢, ~ d,,.

Throughout C,C1, Cs, ... denote positive constants independent of n,z,t or polynomials P, (z). The
same symbol does not necessarily denote the same constant in different occurrences.

We say that f: R — [0,00) is quasi-increasing if there exists C' > 0 such that f(z) < Cf(y) for
O<z<y.

First we need the following definition from [6].

Definition 1.1. The weight w(z) = exp(—Q(x)) satisfies the following. Let @ : R — [0,00) be a
continuous and an even function, and satisfy the following properties:

(a) @Q'(x) is continuous in R, with Q(0) = 0.

(b) Q"(x) exists and is positive in R\{0}.

(c)

2, Qo) =
(d) The function
x) :=Ty(x _wQ’(m) x

is quasi-increasing in (0, 00), with
T(z) > A>1, zeR\{0}.
(e) There exists C7 > 0 such that

Qx) Q)]
Q@ S QW

Then we write w = exp(—Q) € F(C?). If there also exists a compact subinterval J(3 0) of R, and Cy > 0
such that

, a.e. x € R\{0}.

Q"(x)
Q' ()] ~

Q' ()]

, a.e.x € R\J
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then we write w = exp(—Q) € F(C?+).
Example 1.2. (1) If an exponential Q(x) satisfies

/ /
<y < ZQ@)

Q'(x)

where A;, i = 1,2 are constants, then we call w = exp(—Q(z)) the Freud-type weight. The class F(C?+)
contains the Freud-type weights.
(2) (cf. [2]) For a > 1, r > 1 we define

Q(x) = Qr.a(x) = exp,(|z[*) — exp,(0),
where exp;(z) = exp(exp(exp...expz)...) (r times). Moreover, we define
Qr,a,m(x) = |x|m{expr(|x|a) —a’ GXPT(O)}, a+m> 17m > 070[ 2 07

where a* = 0 if o = 0, and otherwise a* = 1. We note that Q.. gives a Freud-type weight.
(3) We define

Qa(®) = (1+ |2l — 1,0 > 1.

If w is a Freud-type weight, then we see that T'(x) is bounded. If T'(z) is unbounded, then we call w the
Erdos-type weight.

Notation 1.3. We use the following notations.

(1) Mhaskar-Rakhmanov-Saff numbers a,;

2 [ a,uQ (azu)
(2)
_ 1=l
Qy _ — a2y < .
@u(x) — ) /71_%_"_5“7 |.’£| X Qs
Pulau), y < |x|7
6 = {uT(ay)}~23.u > 0.
We define
&, (x) := max{l — m, on} (1.1)
Qnp
and
1
P(z) =

(1+ Q())**T (x)

Here we note that for 0 < d < |z,

We have the following.
Lemma 1.4. [5, Lemma 3.4] For = € R we have

P(z) < CPp(x),n > 1.
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Theorem 1.5. Let w € F(C?+), and let v be a positive integer. Then we have the following. For € R,
we have

3/4 - |(L‘]€ n|/a2n
{® Y x z:l{w Tkon) 1 P Y } Z|hskn (v;z)
<Clog(l+n), 0KI<v—1. (1.2)

Definition 1.6. (1) Let w = exp(—Q) € F(C?+) and j = 3,4. Let us assume that Q € CY)(R) and

’Q(j—l) T ‘ ‘Q(J 2)(x) (1.3)

QY (x QU (x)
Q(j—2) q; Q(J 3) LL’ ‘ ‘ ‘

QU (z QU= (x)

hold for |z| > K7 > 0, where K7 is a constant, furthermore there exists 1 < A < j/(j — 1),j = 3.4, such
that

T
X S C, |l‘| KQ, (14)

where K, is a positive constant. Then we write w € Fy(C7+).
(2) Let w = exp(—Q) € F(C?+), and let us define

e @@, QE@) Q)
TP O Q) TR )

If py = p—, then we say that the weight w is regular.

Remark 1.7. For Q in Example 1.2 we see that w = exp(—Q) are regular weights. If Q € C?(R) satisfies
(1.3), then for the regular weights we have w € Fy(C3+) (see [8, Corollary 5.5]).

Proposition 1.8. ([9, Appendix; Theorem A], cf. [8, Theorem 4.2]) Let 1 < A < 3/2 and p,, 3 € R.
Then for w = exp(—Q) € FA(C3+), we can construct a new weight wy, o 5 € F(C?+) such that

Q'(z)
Q(z)

/ /

(142" 1+ Q(2))* (1 + Q' (@) ) w(2) ~ wya,p(2),x €R.
Now, let us define MRS-number for the weight w, 3 = exp(—Qu;a,8) by an(Qpu.a,8), further we define

the function T in Definition 1.1 (d) for the weight w, o5 = exp(—Qu,a.8) by Tj,a,3. Then there exist
¢,C' > 0 such that

acn(Qu,a,ﬁ) < an(Q) == a, < aCn(Qmmﬁ)
and
Tyap(x) ~T(z)r € R.
Let w = exp(—Q) € FA(C3+), 1 < XA < 3/2. By Proposition 1.8 we have

w(@)P(x) 73~ (1+27)¥5(1+ Q) V4 (1 +1Q' (2))¥ *w(a)
a(r) e F(C?*+). (1.5)

And for w = exp(—Q) € FA(C*+), 1 < X < 4/3 we have
T4 () {P(x) 3 *w(z)} ~ TV 2)WY (x) ~ W (z) € F(C?4). (1.6)

We can obtain the following theorem as an application of Theorem 1.5. For f € C(R), the degree of
weighted polynomial approximation is defined by

Eu(w; f)i= jnf w(f = P)l1.co.
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Theorem 1.9. Let w = exp(—Q) € F\(C*+), 1< X < 4/3 be a regular weight. Then, for f € C¥(R)
with |(1+ |2|)TY*4(z)(®73/*w)" (2) f¥)(z)| < M, x € R, where M > 0 is a constant, we have for some
0<a<l,

{3 *w}” (f — Lo, )b ()
< Cy(log(1 4+ n)){n=*Ep_, (TY*(&~3/*w)"; f)) + e(n)(

an

- )y, (1.7)
where TV4(z) (@3 4w)¥ (z) ~ TY4(x)W¥ () ~ W (x) € F(C?+) and

1,0<I<v—2
e(n) = 0 l=v—-1.

Remark 1.10. We see E,,_,(T"/*(®~3/*w)”; f")) = 0 as n — oc.

2 Lemmas

Lemma 2.1. [3, Theorem 2.6 (2.2)] Let w(x) = exp(—Q(x)) € F(C?+). We have the following: For each
s=0,1,..,v—1,

n

)z—s
(a’%n - xi,n)l/Q

s=1,2,...,.v—1,i=s,5+1,..,v—1.

eo(v,k,n) =1, ]es (v, k,n)| < C(

Lemma 2.2. [1, Theorem 2.7] Let w € F(C?+) and p > 0. Then uniformly for n > 2 and 1 < j < n,
|(paw) (2)Pp (2)'/4| < Cay, /2.

Lemma 2.3. [1, Theorem 2.5] Let w € F(C?4) and p > —3.
(a) There exists ng such that uniformly for n > ng and 1 < j < n,

| (01, w) (@5,0) @ (25,0) 4] ~ a7 P (5,0) 7Y,
hence
_ |wj.n‘ /
/ S Gn | ,3/2
|(anJ)(.TJ,n) (1 _ |Zjn| )1/4 | n n.
(b)

ma |1 ()w (@) w () " ~ 1.

Lemma 2.4. (1) [6, Lemma 3.4 (3.18)] Uniformly for ¢t > 0,

Qfae) ~ T(ar)

(2) [6, Lemma 3.5 (3.27)-(3.29)] For L > 1,
ape ~ar, QU (ar) ~ QY (ay), j=0,1, and T(ap) ~ T(ay).
(3) [6, Lemma 3.6 (3.35)] For any fixed L > 1 and uniformly for ¢ > 0,

w1
ar¢ T((Lt).
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(4) If |2| < a,, /2, then uniformly we have

(el
a2p 29
Proof of (4). Let [x] < ay 2.
_ || |(E| _ an_ a /2 _ Qn_
azn Lind} azn n azn
I< T =1 g, 7wl 4y 1=tz S
QAp, Qn, Qn

by (2), (3) in this lemma. #

151

Lemma 2.5. [1, Theorem 2.2] Let w(z) = exp(—Q(z)) € F(C?+). For the zeros z;,, we have the

following.
()Forn>land1<j<n—1,

Tjn = Tjtin ~ OnlTin), and @n(Tjn) ~ @n(Tjrin)-

(2) For the minimum positive zero xy, /2], ([1/2] is the largest integer < n/2), we have

-1
Ln/2ln ~ AnTt

and for large enough n,

Lemma 2.6. [6, Theorem 5.7 (b)] Let M > 0. There exists ¢y > 0 such that for ¢ > ¢y, z € R, and

we have

ei(T) ~ @i(y).

Lemma 2.7. Let |z — 0| < Copn(@m.n), and let &, (z) be defined by (1.1).

(1) We see

B () ~ (1 — 2l

(2) So we have

Copyright © 2020 Isaac Scientific Publishing
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Proof. (1) We see

Pow) _ Aot EEE ol
an(mm,n) 1— @ + 5n 1— ‘I;n,n| 4 5n
\m'm,n\

c_ 1w

Ce@nn) n m

St o Sl —

1—#—1—5” 1—7;"nn +6n

| T, n |
— 1 g 1 — az2n

n(1— \m;n;n\ +6,)3/2

1
1+% | ‘a |$m,n| <an/2;
s¢ T1<_ N
C nT(an
1+ n T(an) Ay /2 < |Il?m7n|

C\/T n
<C 1+%a |zm,n| S&n/g;
1+C, an /2 < |Tm,nl
< C

Similarly, we have

Qn(mm,n>

< C.
o(w) S C

In fact, since we see ¢, () ~ ©n(Tm,n) by Lemma 2.6, we have the condition |x — @ n| < Cp(Tm.n)-
Then we can repeat the above consideration. Consequently, we have (2.1).
(2) By (2.1) we see

| T ,n | |Z |
— [Zmal 1— lgmal
g2571(1,)1//2< a2n )2/2 ~ @n(xmn)y/2( azn )z/2 <C. #
1 Lmal g5, | 1 Lomal g5,

Lemma 2.8. [7, Theorem 1 and Corollary 8] Let w € F(C?+). Let f be s — 1 times continuously
differentiable, and let f(*~1(x) for some integer s > 1 be absolutely continuous in each compact interval.
Let wf(®) € Loo(R). Then we have

a S S
E,(w; f) < O(ﬁ) Jwf )||LOO(R),
equivalently,
Qn s s
En(w; f) < C(S0) Ens(w; /1),

Lemma 2.9. [4, Theorem 2.3] Let w = exp(—Q) € F\(C3+), and let it satisfy (2.3). Let v > 1 be an
integer. We suppose that f € C*~1(R) and lim; o TV*(2)| f*) (z)|w(z) = 0. Let

I(f = Popw)wllL@ = En(w; ). (2.3)

Then there exists an absolute constant C,, > 0, which depends only on v such that, for 0 < j < v -1
and =z € R,

(F9(x) = PY) (@) w(z)] < C T (@) B (w14 fD) (2.4)
< CT(@)* () By ),

where TV4w ~ w4 € F(C?+).
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3 Proofs of Theorems

We show Theorem 1.5. For each x € R we define
|z — Ty | ;= min{|z —z;,], 7=0,1,2,...,n+ 1}, (3.1)

where

ap + T1n
2 )

Ton = Tpn4+1,mn = —TO,n-

Proof of Theorem 1.5. (Case 1) For z,,  in (3.1) we see

— |z agn)/?
(B4 (@) (@)} o () {20 ) e T/ 020)

(1- |5Em n|/an)3/4

}—u

<@3V/4(x){‘lm,n(x)|w( Jw(Tm,n) T} X {(( |37mn||//;2n 1/2} Z|ez v,m,n)||z = T pl

v ( |xm n|/an -
<CP? /4(x){(1 - 1/2} Z|e (v,m,n)||z — Zm.n|’

by Lemma 2.3 (b)

v (1 = |zm,nl/an)? i i
<P T ) Y Z " n(n)
men n a’?n xm,n
by Lemma 2.1
/4 v—1 1 _ |$m,n|
< C¢3y/4 z ( |$m n|/a’7’b azn i
( ){(1_|$mn|/a2 1/2} Zz; 1 — lzmnl 1,M)
asn an
1= [@nl/an)®/* 1 .
_ C¢3y/4 T ( m,n n i
G ol 2 ]
An
v—1 1 )
< C@SVM(x)(l - |$m,n|/an)_y/4 Z(l - |xm,n|/an)y/2(ﬁ)l <C
i=0 ] — Zman

by Lemma 2.7 (2). Next, we estimate

- — |Tk.n|/A2n 1/2 _
S (S @) S k(@) ) STl 02 Ty (3.2)

— 3/4
k#m k=1,k#m (1 = |zknl/an) /

(Case 2) For |z| < zg, we will estimate >, in (3.2). Noting Lemma 2.1,

S Y (B @) (o) Sl )
T kelim (= Jnl/an)¥
Ml ()1 3 (el
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- v P (@) w (@) P(x) /4 v
S a2 |
k=1,k#m |(E — xk,n|(p4L’LU)(.’Ek’n)W

)7 — Tp |’

a’2n :Ek

¢y <%)”@<x>”/2{<1fw><1f

,n

77)}”/2

k=1,k#m On @2n
g 1
X Z(*)Z(T,‘)Z/QW R
— Qp, 1 _ IZRn
=0 azn

by Lemma 2.2, 2.3(a)
l/ v Lk,n
C Z x)"?{(1 w)(l

%)}VQ

k=1k#m On @2n
v—1
n .. 1 . 1 .
XY ()X ) (=% )
=0 ln 1- % Zj:nL SO”(xj»”)

by Lemma 2.5 (1)

C Y (- Bl

7’)}”/2

k=1 km " 2n
v—1
n 1 ) 1 i
" /2 -
x (a )V(l [Tk n | )" k M)V z
=0 M 1= Y e

C § : @(x)y/Q{(l . |m’€,ﬂ|)(1 . |xk’n|)}u/2
Qp A2n
k=1,km

v—

! 1 1
i/2 v—i
D o gl b o
1= azn Z]:m 1 - Tn
c B /21 — 1Tenlyuy2
3 e
=1,k#m
v—1 |.’E | 1
k,n —q —1
1 - el @iy v
xQ (1==7) (|k - m|mm{@n(gg)l/?,qsn(xm)lﬂ})

=0

n v—1

9 Tkon|\y/2 1 v—i
0 Y S et ey )
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(Case 3) For xq,, < |z| we will estimate ), in (3.2). We start from (3.3).

Z CZ a’n V@ u/2{< |xk n|)( |xk,n|)}u/2

3 a2n
v—1 n 1
UNd - Ni/2
X Z(an) (1 . |k, n )
=0 a2n
- 7% |-Tk n| ka n|
< C LAY v/2 1— B 1— ) v/2
;< (o) (1 - E(1 - Rl
S () 200
a2n
a [Tk n |Zk,n
< C an 1/ 1//2 _ ) v/2
Sty - Ml el
k=1
“on 1 1
x> (=) (——)"*( )
; n 1 — % Z?:o Pn(Tjn)
by Lemma 2.5 (1)
an 1/ v |(Ek n| |$k’n| v
< CZ Bla)/2{(1 = (1 -
“on 1 1
n.y i/2 v—i
X Z(an) (1 _ Er ) (Zk 1—|zk,nl|/azn )
i=0 asn 7=0 /1*\Ik:,n,|/an
< 0N o u/2 |$kn| 1 |Zk,n | v/2
Z (1= ey - Bl
1 % 1 v—1i
Sy )
4 1 — Eknl |£E9 nl
1=0 azn Z] =0
< C (P 1//2 |:’Ek;,n| 1 — |Z’k’n| v/2
Z (1= (g — Bl
1 . 1 ,
i/2 v—i
X
lz; 1-— 7‘?;:') (kdsn(xO,n)l/z)
v—1
|33kn| /2 |Zk,n (v—1)/2 /2 1 —i
< U 1 _ ) v 14 V—1
C Z ;( Ao ) ¢($) (kdjn (xO,n)l/z)
< Clogn by @, (z) ~ @p(zon)-

(Case 4) Finally, for each s > 1 we estimate

’ (L= |znnl/aon)2,
Z {@3/4 } Z ‘hskn ‘{’UJ Tk n) ( |Jfkk n‘/@n)3/4 }

S

We may estimate

S = (@) S ulay,) LTl a2n)

S 2 (1~ [2hnl/an)?77

v—1
n
><|l;€7n(x)|”2( 5 2 )™ 9|x_33kn|
i=s

Aon — Tk

Copyright © 2020 Isaac Scientific Publishing JAAM
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It is, however, easy. In fact, from the above estimation we have

Z< (@4 (2w (@)} (22) Z{w (1) LBl 020) 2

|$k,n|/an)3/4

——)

X“kn | Z
i=s \/a’2n xk,n

< O(2) log(1 + n). (3.4)
n
Consequently, the proof of Theorem 1.5 is complete. #
Lemma 3.1. Let ||(1 4 |z|)*W¢ (z) f*) (2)||1...x) < M. Then we have

”f S)( ) ( )”L < Ms,s=0,1,...,v,

where M, M, > 0 are constants.
Proof. We may suppose = > 0. Since (1 + z)"W{/(z) is quasi-decreasing, we see

(1) W () F D () = (L + x)””Wo”(w){/ox @ @)dt + D (0)}
< ¢ [ WO Ol 10+ 0 W)
< M/w dt— (1 2 WY (@) FU D (0).
o Ll+4z
So we have
11+ ) W (@) f D (@) | by < M1
Therefore, inductively, we have
1L+ )= W @) ¢ @) ) < My 8 = 0,1,

Consequently, we obtain the result. #

Proof of Theorem 1.9. Let P, ;o n/2wy € P, be the best approximation of f with respect to the
weight W}, that is,

IWo (f = Pr.pwi )l Lo ®) = En(WQ'; f)-
We see

f@) = Ln(Lv, fi2) = f(2) = Po gy (x) = Ln(v = Lv, f = P pwys )

+Zj Z FO @) hsjn(l,v; ),

where if [ = v — 1, then the last term is equal to 0. We see that

(@ (2)w ()" |f () = Pa sy ()] < CIWE (f(x) = Pa.pwy ()l
= CE,(Wg; f) < C(;)”EHWVO $ f0) (3.5)
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by Lemma 2.8. We estimate |L, (v — 1,v, f — Py ywy; )|

(@ ()w(@))"|Lu(v — L,v, f — Pa pwy; @)

(@ @)’ 3 S @n) — Py () ok 50)

< @A @w@) x 331 @) — P () (e )0 ,0)}
k=1 s=0

X | hgton (V5 2) [{w (@50 )P~/ (@p0) 7 (3.6)
Now, we see by Lemma 2.9 with the weight W} (z),
) @hn) = PA%} sy (@) {0 ()0 (@)}
< CIf D (@rm) = P}y (@rn) W (2,0)
< CTiwy (an)* 2 Ep o (Tl W £)

nW

< CTiwg (an) /()= By (Tl W3 f)), (3.7)

where Ty, anwy correspond to the weight W (x). Since w is regular, we have for any n > 0
Twy (z) ~ Twe (z) ~ Ty(z) = T(x) < Cyn”,
where C,, > 0 is a constant depending only on 7 (see [8]). Furthermore, we see that for some 0 < § < 1
An, Wy ™~ Anfu Wy ™~ Onjvw ~ Onjy < cnd.
So we have
an

T " s/2/An,Wo \u—s < Tl(a, v/2/9n
i an) 22 = < 7,2

= CCn~ 7 = CCm ™ (0<a<l)
with 7 = (1 — §)/2. Therefore, (3.7) means

|f(s) (Thn) — Pr(L,S])“,W(;' (xk,n)|{w(53k,n)¢73/4($k,n)}u < CcnniaEn—u(Tl/AlWé/; f(u))~

) < CCyn~(1=n=9) (3.8)

Hence, from (3.7) and Theorem 1.5 we have
(@ (@)w(@))” [Ln(v = Lv, f = Po g o)
< On =By (Tyg W £)

|xk n|/a2n
(¢3/4 Z{w -Tkn |xk |/a 3/4 } Z |hsk:n v .%'
< Cn~%log(l + n)En_V(T1/4W”' f(”)). (3.9)
Here we note &(z)3/* < C% Finally, for I < v — 2 we estimate

Y= (@ @w()” Y Z £ (@h ) hsen (v; ).

k=1 s=Il+1
We see
> I< @ (@)w()” D Z |F (@) {w(@nn) B(apn) 24}
k=1 s=Il+1

(1 — |z, n|/a2n) 1

X | hgn (v; ) [{w(@k,n) (1 = [@p.n|/an)3/4

Copyright © 2020 Isaac Scientific Publishing JAAM
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Here, noting (1.5) and Lemma 3.1, we have

1O (@) {w (@) (@)~} < M.

Now, using (3.4), we have

n v—1 . . 1/2
|Z| < (@Y (@)w(x))” XZ Z |hskn(y;x)|{w(l‘k)n)(l [Zk.n/020)

k=1 s=I+1 (1 — |zk,nl/an)?/4

< (%")l+1 log(1 + n). (3.10)

}—u

From (3.5), (3.8) and (3.9) we have the result. #
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