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Abstract In this paper, we give the explicit formulas for Neuman means of the second kind
Ngg(a,b) and Ngg(a,b), and find the best possible parameters «;, 8; € (0,1)(i = 1,2,3,---,6)
such that the double inequalities

alQ(a’a b) + (1 - al)G(av b) < NQG(a7 b) < BlQ(av b) + (1 - /Bl)G(av b)7
Q2 1-— Q2 1 ﬂg 1-— ﬁz
Gla,) T Q@ b) ~ Naa(@b) = Gla,b) ~ Qa,b)’
OégQ(a, b) + (1 - CY3)G((],, b) < NGQ(G’ b) < B3Q(a’7 b) + (1 - 53)G(a’ b)7
Qg 1-— Qg ﬂ4 1-— ﬂ4
Glect * ) < Vool < Gla * Q)
asQ(a,b) + (1 — as)V(a,b) < Noa(a,b) < B5Q(a,b) + (1 — B5)V(a,b),
asQ(a,b) + (1 — as)U(a,b) < Nag(a,b) < BsQ(a,b) + (1 — Bs)U(a,b),
holds for all a,b > 0 with a # b, where G(a,b) and Q(a,b) are the classical geometric and quadratic
means, V(a,b), U(a,b), Noc(a,b) and Neg(a,b) are Yang and Neuman mean of the second kind.

Keywords: geometric mean, quadratic mean, Neuman means of the second kind, Yang means,
inequalities.

1 Introduction

For a,b > 0 with a # b, the Schwab-Borchardt mean SB(a,b)[1,2] is defined by

7 _ 2
M, ifa<b,
SB(a.b) cos~!(a/b)
a,b) =
)
a? b ifa>b.

cosh™ (a/b)’

where cos™!(z) and cosh™'(z) = log(x + V22 — 1) are the inverse cosine and inverse hyperbolic cosine
functions, respectively.

Tt is well-known that SB(a,b) is strictly increasing in both a and b, nonsymmetric and homogeneous
of degree 1 with respect to @ and b. Many symmetric bivariate means are special cases of the Schwab-
Borchardt mean, for example, the first and second Seiffert means, Neuman-Sandor mean, logarithmic
mean and two Yang means [3]| are respectively defined by

a—b
PPl = e ety D@4
T:T(a,b): a-b :SB(A7Q)a

2tan™! [(a — b)/(a +b)]
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M= Ma,b) = 5o = [(C;:Z)/(a 0] SB@4),

L=Lab) = oo [(C;_—bb)/(a 0] SB(A,G),

U= = v = SPO9) 1)
" V =V(ab) = a=b B(Q,G) . 2)

V2sinh™" [(a — b)/v2ab] -

where G = G(a,b) = Vab , A = A(a,b) = (a +b)/2 and Q = Q(a,b) = \/(a? + b2)/2 are the classical
geometric, arithmetic and quadratic means of a and b.

Let X = X(a,b) and Y = Y (a,b) be the symmetric bivariate means of a and b. Then Neuman mean
of the second kind Nxy (a,b)[4] is defined by

Nxy(a,b) = : X+ ﬁ (3)

Moreover, without loss of generality, let @ > b, v = (a — b)/(a +b) € (0,1), then Neuman [4] gave
explicit formulas

tanh™!

] Nt =

Nac(a,b) = A[1+(1—v2) 514[ 1_v2+5i%1(“)]

DO =

Nag(ah) = 2A[L+ (1403 0] g (0, = La /T 4 )

and inequalities
G(a,b) < L(a,b) < Nag(a,b) < P(a,b) < Nga(a,b) < A(a,b)

< M(a,b) < Nga(a,b) <T(a,b) < Nag(a,b) < Q(a,b) .

for all a,b > 0 with a # b.

In the recent past, the Schwab-Borchardt mean has been the subject of intensive research. In particular,
many remarkable inequalities for Schwab-Borchardt mean and its generated means can be found in the
literature [4-14].

In [4], Neuman found the best possible constants ay, g, a3, aq and 51, B2, B3, B4 such that the double
inequalities

a1A(a,b) + (1 — a1)G(a,b) < Nga(a,b) < f1A(a,b) + (1 — $1)G(a,b)
as@Q(a,b) + (1 — a2)A(a,b) < Nag(a,b) < f2Q(a,b) + (1 — B2)A(a,b)
azA(a,b) + (1 — a3)G(a,b) < Nag(a,b) < B3A(a,b) + (1 — B3)G(a,b)
asQ(a,b) + (1 — aq)A(a,b) < Ngala,b) < B1Q(a,b) + (1 — B4)A(a,b)

hold for a,b > 0 with a # b if and only if ay < 2/3, 81 > 7/4, ap < 2/3, B2 > (7 —2)/[4(V2-1)] =

0.689- -+, a3 <1/3, B3> 1/2and oy < 1/3, B4 > [log(1 4+ v2) +v2—2]/[2(vV2—1)] =0.356-- -
Zhang et al. [11] presented the best possible parameters ay, asg, 51,82 € [0,1/2] and as, ayg, B3, B4 €
[1/2,1] such that the double inequalities

(ala +(1—ag)byarb+ (1 - al)a) < Nag(a,b) < G(ﬁla +(1=p)b, S+ (1 — Bl)a)
G(Oég(l + (1 —ag)b,asb+ (1 — ag)a) < Nga(a,b) < G(Bga + (1= B2)b, Bab + (1 Bg)a)

Q(asa+ (1 — a3)b,asb+ (1 — az)a) < Nga(a,b) < Q(Bsa+ (1 — B3)b, Bsb+ (1 — f3)a)

Q(asa + (1 — ag)b, aub + (1 — ag)a) < Nag(a,b) < Q(Baa+ (1 — Ba)b, Bsb+ (1 — Bs)a) .
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hold for all a,b > 0 with a # b.
Guo et.al. [12] proved that the double inequalities

AP (a,b)G' P (a,b) < Nga(a,b) < A% (a,b)G' "9 (a,b) ,

)

P2 +1—p2 <NGA(a7b)<G(a b)+jl(_qb2)7
) <
) <

G(a,b) ~ A(a,b)
AP?(a,b)G' 73 (a,b) < Nag(a,b) < A% (a,b)G' "% (a,b) ,
q4 1—q

Pa 1—py
Glab)  A(ab)’

Gla,b) " Alap) = Naclab

QP (a,b)A"P3(a,b) < Nag(a,b) < Q%(a, b)A' "% (a,b)
De 1 —pe 6 1—gs

a5 T Q@ <M <4 Y Gty

QP (a,b)A"P7(a,b) < Noal(a,b) < Q% (a, b)A'™ 7 (a,b)
Ps 1—ps < Noala,b) < 8 1—gs

A(a,b)  Q(a,b) A(a,b)  Q(a,b)
hold for all a,b > 0 with a # b if and only if p; < 2/3, q > 1, pg <0,q2>1/3,p3<1/3,q5>1,ps <0,
qa > 2/3,p5 <2/3,q5 > 2log(n+2)/log2—4 = 0.7244 - - -, pg < [6+2f (1+v2)r]/(m+2) = 0.2419 - - -,
g6 > 1/3,p7 <1/3, g7 > 2log [\/§+log(1+\/§)]/log2 2=10.3977--- and ps < [24+v2—(1+v2)log(1+
V2)]/[V2 +1log(1+v?2)] =0.5603 -, g5 > 2/3.
Let a > b >0, u = (a —b)/v2ab € (0,400). Then from (1)-(3) we gave the explicit formulas

Noc(a,b) = QG(a b)[ u? + w} : (4)

Mwww=§mmmb+u+ﬁﬁ%%@4. )

The main purpose of this paper is to find the best possible parameters «;, 5; € (0,1)(i = 1,2,3,--- ,6)
such that the double inequalities

a1Q(a,b) + (1 — aq)G(a,b) < Ngg(a,b) < f1Q(a,b) + (1 — $1)G(a,b) ,
Qs 1—ao 1 B2 1— B
Glab) " Qlab) = Nog(ab) ~ Glab)  Qab)
a3Q(a,b) + (1 — ag)G(a,b) < Ngg(a,b) < B3Q(a,b) + (1 — B3)G(a,b) ,
Qy 1—ay 1 B 1— 54
Gla.h) " Qab) ~ Nagla.b) ~ Gla.h)  Qlab)
asQ(a,b) + (1 — a5)V(a,b) < Noa(a,b) < B5Q(a,b) + (1 — 85)V(a,b),
asQ(a,b) + (1 — ag)U(a,b) < Ngg(a,b) < BsQ(a,b) + (1 — Bs)U(a,b) .

hold for all a,b > 0 with a # b.

a,

2 Lemma
In order to prove our main results we need several lemmas, which we present in this section.

Lemma 2.1 (see[15]) For —o0 < a < b < 400, let f,g : [a,b] = R be continuous on [a,b], and be
differentiable on (a,b), let ¢’(x) # 0 on (a,b). If f'(x)/¢’(x) is increasing (decreasing) on (a,b), then so
are

f(x) = fla)  f(z) - f(b)

9(z) —g(a)” g(z) — g(b)

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.
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Lemma 2.2 (see [16]). Suppose that the power series f(x) = Z anz™ and g(x) = Z bpz™ have the
=0

radius of convergence r > 0 with a,,b, >0 for alln=0,1,2,-- Let h(z) = f(x)/g(x ), if the sequence
series {an /by }52 o is (strictly) increasing (decreasing), then h(z ) is also (strictly) increasing (decreasing)
n (0,7).

Lemma 2.3 (1) (See [17], Lemma 2.4) The function

(z) = 2z + sinh(2z) — 4sinh(z)
e sinh(2z) — 2sinh(z)

is strictly increasing from (0, +00) onto(2/3,1).
(2)(See [17], Lemma 2.6) The function
sinh(z) cosh(x) — «
cosh(z) — 1] [z + sinh(z) cosh(z)]

902(x) = [
is strictly decreasing from (0, 4o00) onto (0,2/3).
(3)(See [17], Lemma 2.5) The function

2) = 2x — sin(2x)
#a(@) sin(z) [1 — cos(w)]

is strictly increasing from (0, 7/2) onto(8/3, ).
(4)(See [17], Lemma 2.8) The function
sin(z) cos(z) —
1 — cos(z)] [z + sin(z) cos(z)]

pa(z) = [
is strictly decreasing from (0, 7/2) onto(—1, —2/3).

Lemma 2.4 The function
xsinh(2x) — 222

xsinh(2z) — cosh(2z) + 1

is strictly decreasing from (0, +00) onto(1,2).
Proof. Let fi(x) = xsinh(2x) — 222, g1 (x) = zsinh(2x) — cosh(2x) + 1. Then simple computations

p5(7) =

end to fie) _ fila) = £i(0%)
x z) —
pslw) = 218 _ Sl Z A0 (6)
g(x)  gi(z) = :(0F)
fi(x)  sinh(2x) + 2z cosh(2x) — 4z
gi(r) 2w cosh(2x) — sinh(2x)
2n 2n+1
2 ;0 (gn) 2" 4 Z (gn+1)|x2n+1 — A4z
o 2n s 2n+1
2 Z (2 - n;() mx%-H (7)
2n+2 2n+4
Eemmren Eemme
nx22n+2 o (nt1)x22n+4 '
;(nJrl 2n+ Z (2n+3)! n
Let 9 92n+4 1 92n+4
(2n + 3)! (2n +3)!
and 1
i S 0. (9)

=<
bpt1 by (n+1)(n+2)
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for all n > 0.
It follows from Lemma 2.2 and (7)-(9) that f{(z)/g¢}(x) is strictly decreasing on (0, +00). Note that

ps(0F) = Z—s =2, 5(+00) = 1. (10)

Therefore, Lemma 2.4 follows easily from Lemma 2.1 and (6), (10) together with the monotonicity of
fi(@)/g1(x).
Lemma 2.5 The function ) (z) cos(a) 2(2)
z* 4+ zsin(x) cos(x) — 2sin“(x
pe(x) =
sin(z) [z — sin(z)]

is strictly increasing from (0, 7/2) onto (0, (72 — 8)/[2(7 — 2)]).
Proof.The function pg(z) can be rewritten as

x x + x cos(z) — 2sin(x)

we(r) = = p7(7) + ps(z) . (11)

sin(x) x — sin(x)
where ¢7(z) = x/sin(z) and @g(z) = [z + z cos(x) — 2sin(x)]|/[z — sin(x)].

Let fo(z) = x+x cos(x)—2sin(x), g2(z) = x—sin(x), f3(x) = 1—cos(x)—z sin(x) and g3(z) = 1—cos(x).
Then simple computations lead to

_ faolx)  fa(x) = f2(01)
#0) = )~ p@) = 0a07) 12
g5(x)  ga(x)  gs(x) —g3(0F) "
and
fs(x) £ (14)

gh(x) ~  tan(z)

Since the function  — x/ tan(z) is strictly decreasing on (0, 7/2), hence Lemma 2.1 and (12)-(14) lead

to that pg(z) is strictly increasing on (0, 7/2). From (11) and the fact that the function ¢7(x) = z/sin(x)

is strictly increasing on (0, 7/2) together with the monotonicity of pg(x) we can reach the conclusion
that ¢g(z) is strictly increasing on (0, 7/2).

Note that )
Y m_ ™8 1
Therefore, Lemma 2.5 follows easily from (15) and the monotonicity of ¢g(z).
3 Main Results
Theorem 3.1 The double inequalities
a1Q(a,b) + (1 — a1)G(a,b) < Ngg(a,b) < f1Q(a,b) + (1 — $1)G(a,b) . (16)
s 1—ay 1 Ba 1— B
+ < < + . 17
G(a,b)  Q(a,b) ~ Ngg(a,b) ~ G(a,b) Q(a,b) (17)
hold for all a,b > 0 with a # b if and only if a1 < 1/3, 51 > 1/2, as <0 and B2 > 2/3.
Proof.We clearly see that inequalities (16) and (17) can be rewritten as
Nog(a,b) — G(a,b)
. 1
NS Qb - oy "
wnd 1/No(a.b) — 1/Q(a,b
/ QG(a'a ) — /Q(a7 ) < ﬁ2 ) (19)

2= TG (a,b) — 1/Q(a,b)
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respectively.

Since both the geometric mean G(a,b) and quadratic mean @(a,b) are symmetric and homogeneous
of degree 1, without loss of generality, we assume that a > b > 0. Let u = (a — b)/v/2ab € (0, +0c). Then
from (4) and (18)-(19) together with Q(a,b) = G(a,b)v'1 + u? we have

JVIFwz 4 o] g
Vi4u? -1

ap < < ﬂl . (20)

and

uy/1+ u? — sinh™* (u)
(V1+u?-1) [U\/l +u? + sinhfl(u)}

< Pa. (21)

an <

respectively.
Let 2 = sinh™ ' (u). Then = € (0, +00),

L VI 4 o] g

VIi+u? -1 (22)
_ 12z +sinh(2z) — 4sinh(z) 1

T 2 sinh(2z) — 2sinh(z) J¥i(a) .

uy/1 + u2 — sinh ™! (u)
(V1i+u?-1) [u\/ 14+ u?+ sinh_l(u)}

_ sinh(x) cosh(x) — x
~ [cosh(x) — 1][x + sinh(z) cosh

@)~ 7

where the functions ¢;(x) and ¢a(x) are defined as in Lemma 2.3(1) and (2).

Therefore, inequality (16) holds for all a,b > 0 with a # b if and only if a; < 1/3 and 8; > 1/2 follows
from (20) and (22) together with Lemma 2.3(1), inequality (17) holds for all a,b > 0 with a # b if and
only if ag < 0 and f9 > 2/3 follows from (21) and (23) together with Lemma 2.3(2).

Theorem 3.2 The double inequalities

a3Q(a,b) + (1 — a3)G(a,b) < Naq(a,b) < f3Q(a,b) + (1 — 53)G(a,b) . (24)
Qu 1—oy 1 B4 1— B4
+ < < + . 25
Glat) T Qab) < Noglah) = Glab) T Qlab) =)
holds for all a,b > 0 with a # b if and only if ag < 2/3, 83 > 7/4, ay <0 and B4 > 1/3.
Proof.We clearly see that inequalities (24) and (25) can be rewritten as
Ngg(a,b) — G(a,b)
. 26
Qa.b) -~ Glab) 20)
e /Nag(a.b) ~1/@Qa,b)
1 aela, —1 a,
. 27
1/G(ab) - 1/Qat) " 0
respectively.

Since both the geometric mean G(a,b) and quadratic mean @Q(a,b) are symmetric and homogeneous
of degree 1, without loss of generality, we assume that a > b > 0. Let u = (a — b)/v/2ab € (0,+00). Then
from (5) and (26)-(27) together with Q(a,b) = G(a,b)v'1 + u? we have

it ()2 0] g

Vid+uz -1

ag < < 63 . (28)
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and
o < 2uv1 +u? — [u+ (1 + u?) tan™ ' (u)] < 8. (29)
(V1+u?-1) [u + (14 u?) tan_l(u)}
respectively.
Let z = tan~!(u). Then z € (0,7/2),
%[1+(1+u2)W} —1
VItu?—1 (30)
1 2rx—sin(2r) 1
" 4sin(x)[1 — cos(z)] 14'03(36) '
2uv/1+ 12 — [u+ (14 u?) tan™'(u)]
(V14+u?-1) u+(1—|—u2)tan_1(u)} (31)
. sin(x) cos(z) — x 1+ pala)

[1 — cos(z)][z + sin(z) cos(x)]

where the functions ¢s(x) and @4(x) are defined as in Lemma 2.3(3) and 2.3(4).

Therefore, inequality (24) holds for all a,b > 0 with a # b if and only if ag < 2/3 and f3 > 7 /4 follows
from (28) and (30) together with Lemma 2.3(3), inequality (25) holds for all a,b > 0 with a # b if and
only if oy <0 and 84 > 1/3 follows from (29) and (31) together with Lemma 2.3(4).

Theorem 3.3 The double inequalities

a5Q(a,b) + (1 — a5)V(a,b) < Noa(a,b) < BsQ(a,b) + (1 — B5)V(a,b) . (32)

holds for all a,b > 0 with a # b if and only if a5 < 0 and 85 > 1/2.
Proof.We clearly see that inequalities (32) can be rewritten as

o < Nocla,b) = V(a,b)
> 7Q(a,b) — V(a,b)

<PB5. (33)

Since both the geometric mean G(a,b) and quadratic mean Q(a,b) are symmetric and homogeneous
of degree 1, without loss of generality, we assume that a > b > 0. Let u = (a — b)/v2ab € (0, +00). Then
from (4) and (33) together with Q(a,b) = G(a,b)v/1 + u? we have

1 / sinhfl(u)
2 |: 1+u?+ U B sinhgl(u)

as < —_— < 55 . (34)
T+u?— sinhgl(u)
Let 2 = sinh ™" (u). Then z € (0, 400),
LT+ + sinh; (u)} - s
V 1 + ’LL2 — 7sinh7jl (u) (35)
1 xsinh(2x) — 222 1
=1-- =1-= .
2 xsinh(2x) — cosh(2z) + 1 2S05($)

where the functions @5(x) is defined as in Lemma 2.4.
Therefore, inequality (32) holds for all a,b > 0 with a # b if and only if a5 < 0 and 85 > 1/2 follows
from (34) and (35) together with Lemma 2.4.
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Theorem 3.4 The double inequalities
asQ(a,b) + (1 — ag)U(a,b) < Ngg(a,b) < BeQ(a,b) + (1 — Bs)U(a,b) . (36)

holds for all a,b > 0 with a # b if and only if ag < 0, Bs > (7% — 8)/[4(7 — 2)] = 0.4094 - - -
Proof.We clearly see that inequalities (36) can be rewritten as

Ngg(a,b) —U(a,b)
Q(CL, b) - U(aa b)
Since both the geometric mean G(a,b) and quadratic mean Q(a,b) are symmetric and homogeneous

of degree 1, without loss of generality, we assume that a > b > 0. Let v = (a — b)/v/2ab € (0, +00). Then
from (5) and (36) together with Q(a,b) = G(a,b)V'1 + u? we have

< Bg . (37)

875

1 tan” ! (u u
§|:1+(1+U2) u( )} ~ tan—I(u)
V1+ u? — tan*ul(u)

ag <

< B - (38)

Let x = tan~!(u). Then z € (0,7/2),

an”'(u
%|:1+(].+U2)td u( ):| - tan*ul(u) 1 ( ) (39)
L= 5%6(T),
Vitw? - oty 2

where the function pg(x) is defined as in Lemma 2.5.
Therefore, inequality (36) holds for all a,b > 0 with a # b if and only if ag < 0 and B > (72 —
8)/[4(m —2)] = 0.4094 - - - follows from (37)-(39) together with Lemma 2.5.

4 Applications

In this section, we will establish several sharp inequalities involving the hyperbolic, inverse hyperbolic,
trigonometric and inverse trigonometric functions by use of Theorems 3.1-3.4.
From (3) we clearly see that

1 G?(a,b) 1 Q?(a,b)
Noc(a,b) = 5 [Q(a,b) * Viag) ) Neal@h) =5 [G(a,b) t Tad } (40)
Let @ > b and z = sinh ™! (\‘}%) € (0,00). Then simple computations lead to
Q(a,b) V(a,b) sinh(z) U(a,b) sinh(z)
Gan MGG T T G [sinh(z)] (41)

Theorems 3.1-3.4 and (40)-(41) lead to Theorem 4.1.

Theorem 4.1 The double inequalities

x
sinh(z)

204 cosh(z) +2(1 — aq) < cosh(z) + < 21 cosh(z) +2(1 — B4),
2z

1
" sinh(20) + 20 2 [ cosh(z) + (1 = B2)],

%[0@ cosh(z) + (1 —az)] < 1

203 cosh(z) + (1 — 2a3) < cosh(z) coth(z) tan™" [sinh(z)] < 285 cosh(z) + (1 — 283),

aycosh(z) 4+ (1 — ay) 1 - Bacosh(z) + (1 — B4)
2 cosh(z) 1+ cosh(z) coth(z) tan™! [ sinh(z)] 2 cosh(z) ’
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sinh(x) x sinh(z)

Snh(2) < 2f5 cosh(z) +2(1 — f5) —

2as cosh(z) + 2(1 — a) < cosh(x) +

sinh(z)

2a cosh(z) +2(1 — aﬁ)m

< 1+ cosh(z) coth(z) tan™" [ sinh(z)]

sinh(z)
tan™! [sinh(z)]
hold for all > 0 if and only if oy < 1/3, 81 > 1/2, ag <0, By > 2/3, ag < 2/3, B35 > /4, ag <0,
Ba>1/3,a5<0, 5 >1/2, a6 <0 and fs > (x> — 8)/[4(r — 2)].

Let a > b and 2 = tan™* (<%=%) € (0,7/2). Then it is not difficult to verify that

< 2 cosh(z) + 2(1 — fs)

V2ab
Qa,b) V(a,b) tan(x) U(a,b)  tan(x)
G = @ Gan = [tan(z)] G(a,b) @ (42)
From Theorems 3.1-3.4 and (40), (42) we get Theorem 4.2 immediately.
Theorem 4.2 The double inequalities
1
2aq sec(x) +2(1 — aq) < sec(z) + W < 21 sec(x) + 2(1 — By),
1 B tan(z) 1 B
2 [0z + (1= az) cos(z)] < sec(z) tan(z) + sinh ' [tan(z)] <3 [B2+ (1= B2) cos(z)),
2agsec(x) +2(1 —a3) < 1+ 81112(7362@ < 23 sec(x) + 2(1 — B3),
%[ou; 41— as)cos(@)] <1 - Sm(ﬁcﬁ < %[54 (1 Ba) cos(a)],
3 tan(z) sinh™" [tan(z)] 3 tan(z)
2ai5 sec(x)+2(1 a5)—sinh_1 [tan(z)] < sec(m)—l——tan(x) < 25 sec(x)+2(1 ﬁs)—sinh_l [tan(@)]
205 sec(x) +2(1 — a6)tar;(a:) <1+ sin2(g;x) < 2fgsec(z) + 2(1 — ﬁ@taﬂ(z)

hold for all z € (0,7/2) if and only if oy < 1/3, 1 > 1/2, aa <0, B2 > 2/3, ag < 2/3, B3 > /4, ay <0,
Ba>1/3, a5 <0, B5 >1/2, a6 <0 and B > (2 — 8)/[4(7 — 2)].
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