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Abstract. An approximate solution technique based on non-polynomial spline and finite difference method
has been described for two-space dimensional quasi-linear elliptic boundary value problems. The numerical
scheme in the limiting case of non-polynomial spline parameter provides the cubic spline scheme. The
proposed scheme is analyzed for the convergence using matrix theory. Experimental results show the
importance of using non-polynomial spline scheme over corresponding cubic spline scheme in terms of
iterations to achieve desired accuracy. The method is tested for the convergence and corroborates the
theoretical truncation errors. The accuracy in the solutions is obtained for Tricomi and Khokhlov-
Zabolotskaya equations for various mesh step sizes.
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1 Introduction

In this paper, a new numerical method for the numerical solution of quasi-linear elliptic boundary value
problems (EBVPs) with significant first order partial derivatives is presented. The proposed equation
possesses the following form

A2,3,0)8U + B(2,9,U) 0V = G(2,3,U,0,U,0,U),(w.y) € Q (1)
where the values of U (x,y) at the boundary 0Q are known to us and the symbol 0"U stands for
o'U /02", z=umy.

Our aim is to obtain the accurate numerical values of the unknown faction U (:@y) on the domain of

integration Q by means of discrete approximations based on finite Taylor’s expansion and non-
polynomial spline having hyperbolic functions as basis elements. The integration of (1) to the arbitrary
choice of A(gw,@U)7 B(:(:7y7U) and/or G(z7y7U) is difficult and thus, it is essential to develop an

efficient numerical method.

Such EBVPs frequently occur in combustion theory, plasma physics, steady state heat and mass
transfer equation with volume reaction, steady transonic gas flow, mass transfer with a volume chemical
reaction in translational shear fluid flow, stationary anisotropic diffusion equation etc. (see e.g.
[1,5,10,20,22]). In the context of EBVPs, researchers have developed approximation techniques using
collocation spline, finite element method, finite difference method, radial basis functions and wavelet
method (see [4,16,24,27,28]). In particular, the Legendre and Haar wavelets have been applied to linear
EBVPs by Aziz et al. [2]. A combined approach to radial basis functions and collocation method has
been developed to solve EBVPs with Dirichlet-Neumann boundary values by Hu [9]. With the various
known numerical techniques, the finite difference method is a beautiful tool that efficiently and

accurately computes the solution values to the wide range of differential systems (LeVeque [17] and Zhao
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et al. [30]). A non-polynomial spline method using the basis {sin(m),cos(m),x, 1} for one-dimensional

hyperbolic equations was described by Rashidinia et al. [23]. A tension spline method with exponential
functions as a basis element to time dependent one-dimensional singular partial differential equations has
been considered by Gopal et al. [6]. Islam et al. [25] have constructed a non-polynomial spline technique
to solve third order obstacle problems. The hyperbolic spline and quintic spline basis for two-point
boundary value problems has been discussed by Jha et al. [11, 12]. The implementation of parametric
spline to the boundary value problems has been discussed by Khan [13]. In the current literature survey,
we have limited articles on the extension of spline with trigonometric, exponential or hyperbolic
functions for the numerical solution of higher dimensional partial differential equations.

The central difference operator and averaging operators giving second order of compact scheme proves
to be good for the regular EBVPs, the method usually deteriorates in case of quasi-linear problems, thus

it is customary to devise a higher order method. Thus, in this article, our attempt is to obtain an

O(k2 + WK +h4)7accurate algorithm that implements non-polynomial spline basis in z-directions and

parallel to x-axis at each discrete grid point on gaxis. The method is developed in combination with
finite difference approximations on nine point stencils. The proposed method is compact and therefore,
the discrete system of equations can be easily solved.

2 Non-Polynomial Spline Interpolation

The consideration of non-polynomial spline for obtaining the solution of EBVPs compensates the loss of

smoothness inherited by corresponding polynomial cubic spline. The non-polynomial spline function
considered here has the basis B = {sinh(a)z),cosh(a)x),z, 1} , where @ is a finite real number denoting
the frequency of hyperbolic functions. The usual cubic spline basis B’ ={$3,x2,$,1} can be easily
obtained from the hyperbolic spline basis B as a limiting case @ — 0, and it is evident from the

spanning relation span [BJ = span [{6(sinh(a)z) - a)z) / a)3,2(cosh<a):p) - 1) / a)27z71} ]: span[ B*] . Let

Q, = {(:cl,ym) cx, =a+lhy =c+mkl=11)L+1m=11)M + 1} be the rectangular network, as a
uniform mesh partition of the solution domain Q U 0Q = [a,b] x [c,d} , where h = (b - a) / (L + 1) and
k= (d - c) / (M + 1) , LLMeZ, . Let A=Fk/h>0 be the constant mesh ratio parameter and u,,
represent the numerical solution values, while U, ~be the exact value of U (1,y) at the mesh point
(Il’ym) .

Let us denote S (at) as the hyperbolic spline interpolating non-polynomial along a-direction on

[IHJJ = 1(1)L + 1, which is defined as follows

S, (m) =q, sinh(a)(x - xl)) +b cosh(a)(m - ml)) +¢ (m - ml) +d, (2)
and satisfies at m™, m = O(I)M + 1 line parallel to z-axis, the following properties:
S, (xz) = Umn,’ S, (“TH) = Ul—l,m,’
s, (z)] s, (z))

o

With the help of algebraic calculations, one obtains
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a, [CObh(Q)_/\/llm ./\/lH’m] / [wzsinh(gﬂ, b =M /@,
o=V, ~v. ) (M, M, )]/ [00]. d=[e, M, ]/

where 6 = wh.
After substituting the expressions of a,b,c, and d, in (2), we can obtain the spline relation on

(R
[ 3], 0=1(1)L+1 .

In a similar manner, the interpolating non-polynomial on [zl,xl 1} =0 (1)L is given by

~ (/\/llﬂ‘mcosh(&) - /\/ll‘m)sinh(a)(z - x,)) N M., cosh(w(m -, ))

Sn (x]) B a)zsinh<9) o’ 3)
N |:(Ul+1,m T Yim )a) + /Vlzm 1+1m:|<$ - ‘Tz) YU - .A/‘H_l"m
@0 B S

where

d’S d°S
S,z ( ) U,.S,\z ( 1+1) = Um,m’[#m] = /\/IZW[#(I)J = Mﬂ‘m

o L1

The spline relations (2) and (3) will be used to obtain high order approximations at the fictitious node

(LE[ i777ym), 0 <n <1. The continuity of first order partial derivatives with respect to x gives us second

order accuracy and therefore is left for the discussion.

3 Finite Difference Approximations

Initially, we obtain compact discretization to the linear EBVPs with variable coefficients
A(@y)&iU + B(Ly)&jU = G(x,y),(:my) eQ (4)
that does not involve independent variable U (:z:,y) and its first order partial derivatives as a non-linear

term. Later the method will be extended by means of non-polynomial spline to obtain approximations of

quasi-linear equation (1 ) We need following approximations

Oy = |1 (r7+1) o =2 1)U, s n(nE)U, ]2 -
Uli,,,m,l = [77 (77 + 1) Uy =2(0" =1)U,,,, +1(n%1) UH,,H} /9 -
O =[Oinn =20+ ]/ -

g, = [U&Wﬂ -0, +U,, 1] /K o)

Following the idea of Numerov’s method (see Lambert [15]), the finite difference replacement of linear
EBVPs (4) with variable coefficients is given by
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l +—A |8V, = 1-
™6 A 12 " |70 127 A

A

A w e A, -
( l+n,m )
Im

1nhA,

+<12’72_2)(G;‘m_3 U )+ 1+

by,

(G]—ry.m - Bl*’lvayy(—n m ) (10)

1,m
+ o(szf Ty hb‘)

where &, is the central difference operator.
Now, we extend the method (10), to the two-space dimensional EBVPs involving first order partial
derivatives:
2 277
A(z,y)0°U + B(z,y)0°U = G(m, 4,U,0.U, ayU),(x,y) €Q (11)
and obtain compatible order approximation on the nine point compact stencils. We need to consider
some approximations to the derivatives:

ﬁx,_m = |:Ul+l.m - Ul*l.m:| / |:2h:| (12)
[jm(il . = |:i3Ulil.m + 4Ul.m * Ul:],m] / [2h:| (13)
Uyl . = |:U1\m+1 - Ul,m—l:| / |:2k:| (14)
Uy,ﬂ " = [Ulil,mﬂ - Ultl,mfl:l / [Qk:| (15)
YWis1.m = [Ulil,mﬂ - 2Ult1,m + Ulil,m—l:| / k2 (16)
Define
él.m = G($Z7ym7Ul,m7U~1: 7Uy ) (17)
C’.'.;(lil,m =G (xlil ’ ym ’ Ulil,m ? Uz,tl " ’(jy,il . ) (18)
Incorporating the approximations (12)-(16) in its expanded forms to the equations (17)-(18), we find
él.m, = GIJVI + %al,mUz.nl‘m + O (hj.1 + ]{;2) (19)
~ B’ — b’ 4 2
Gltl\m = Gl,m - ?al.mUrnl.m + E(al,mUzzzml,m + 4arl,mUIzzl,m) + O (h + k ) (20)
where a, == (aj’c(-))l‘m etc.
Let
~ 1 ~ ~
M, =—(¢,.-8,0, )
m AZ m meoy
| (21)

- 1 h4, . .
Mtl‘m = A_ 1 + A ‘ (Glil,m - Blil.mUyyzﬂ,m )

Now, the additional approximation
U,- L U.,-,_m _%('/\;‘HLM, - 'A;l!—l.m) (22)
gives us UI( =U, o+ O(h4 + kQ) .

With the help of non-polynomial spline relations (2) and (3), we construct a new approximation to the

solution values and its x-derivative at the fictitious node (:vl iiy,ym) , 0<n <1, as follows:
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(77 - l)sinh(ﬁ) —sinh ((77 - 1)49) .

Uy =10, +(1-7)U,,, +

wgsinh<49) "
(23)
sinh(n@) — nsinh (0) -
+ 9 +1.m
®’sinh (0) o
. O cosh(n@)—sinh(0) .
Uar :i—l([]lﬂm_l]lm)i ( ) ( ) +1.m
e AN hHsinh(&) -
sinh(@) — 6@ cosh ((77 - 1)9) (24)
N ~
w0 sinh(@) "
With the application of series expansions, it is easy to see that
UAZiW =Umt O(h4 + kz)
0 —u #an-2)a v+ (g-1)(2nt —2p-1)(@'U U 2
Ty m - Tym +Eﬂ( 77 - )al.m azzl,m _ﬂ( 77 - )( 77 - 77 - )([0 azl,m - 1,.1:1,.1:1.771) ( 5)
+0(n' +#?)
Now, consider the new functional approximations
Gl,m = G (xﬁym’Ul m’Ur, ’Uy, " ) (26)
Glir].m = G ( ]+r] ) ym ? U l+n,m’ Um(i” m Uyqu.m ) (27)
Incorporating the equations (14), (22) and (25)-(27) and applying the series expansions, we find
G, =G, +O(i +¥) (28)
6 —a. " p(-y)B U o(n' +# 29
lxn,m lxnm — En( 77 ) lom ™~ zzzlm + ( + ) ( )

Following the concept of cubic spline (Mohanty et al. [18]), and in view of the relations (28) and (29),
the non-polynomial spline finite difference method for the numerical estimation of solution values to the
equation (11) is given by the formula

(24 w [ ma ~
A, -l =, e, = ——|[1-—== (¢, - B.,.0, )
Jm 12 A[ . ey x Jm 12772 A +n,m +n,m YWisnm

lm

1nhA,

+ (127" - 2)(% -B.U, ) 1+ (G,m - BFWUWH]_W) (30)

1,m

+7

Lm

(30) is estimated as
T, =O(WK + Bk +h'F +1°) (31)
ok

where local truncation error of the scheme

. 27y
and thus, we have achieved an h™7T,

(11).

The scheme (30) is compact and free from the fictitious values of unknown function U (a;y) . The non-

E + bk +h4)—accurate method for the non-linear EBVPs

polynomial spline scheme (30) as @ — 0 and 7 =1, gives us a particular case of cubic spline scheme

developed by Mohanty et al. [19].
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In addition, if A:A(a:,y7U) and B:B(z,yﬂ) in equation (11), then the substitution

A = (,uzé‘zAm) /h and A_ :(55141,7”) /h’, leads to the same local truncation error as shown in

Tm
equation (31), where 4 is the averaging difference operator. Thus, a minor modification to the scheme

(30) leads to nine-point compact scheme to quasi-linear EBVPs (1). The resulting system of discrete
equations must be solved in combination with the boundary conditions and on neglecting higher order
terms in equation (30).

4 Convergence Analysis and Bounds of Error

In this section, we obtain bounds on the solution error and thereby establish the convergence criterion. It
is essential to show that error obtained in the numerical solution should tend to zero as the mesh step
sizes becomes sufficiently small. Moreover, the EBVPs (11) to be elliptic, if both A(ac,y) >0,B (z,y) >0

or A(x y)<0 , B(x,y)<0, thus without loss of generality, we assume that A(:z:,y)>0 and
( ) , in the following analysis. The convergence analysis in the case that both A(z,y) and
(a;y) are negative follows in a similar manner. The EBVPs (11), at the mesh point (x”@m),
=1 1)L ,m = 1(1)M , can be written as:

2 2 —
A(a:Z’ym)(aIU)(,I,'ym) + B(x/7yrrl )(ayU)(l,”yw) - G(xﬁym’Ul m? (a«rU)(zl.ym)7(ayU)(Il’ym)j (32)
Then, the numerical method (30), may be represented by the recurrence relations
2 214,2, 2 nhA . ~
_12 A[ m h_ $ - Az‘z 512Ul m + d 2 1- - (Gl+ m BH mU )
LT IV o A ” 1 W
(33)
R B nhA, N .
+<12772 - 2)(Gl,m - B[,irlUyz/ ) + 1 + — (Glfi],m - Bl*l],mUyyi ) + 7; m
ym " 7
where T, = O(k* +1%k* + h'k?)
Equivalently,
u/l,m + T}.m = O7l = 1(1)L7 m= 1(1)M (34)

where y, is obtained from the equation (33).

The difference relation (34), in the matrix notation can be expressed as follows

W(U)+T:OLM><LM (35)
where T = [Tanw ST, T,,. T, T T ,TLM]T is the local truncation error vector with

cach T, being O(k' + 1K' +h'R*) and U =[U,.U, ..U, U UpyroooiUpyoo Uy UyypnUy, ] s the

1177217° L1777 1277 227" L27° 1IM? 7 2M7 "

. T
vector of solution values and y/(U) = |:l//117l//21"'"y/LNl//lQ’WQZ"'"l//LQ""’l//lM’l//2A[7"'7V/LJW:| .
Our objective is to determine the approximation u for the exact solution values U , which is obtained

by solving the equation
W(”) = 0 pprnt (36)
and therefore, with the help of equations (35) and (36), one obtains

w(u)-w(v)=T (37)
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Let € = U, —U]Ym = 1(1)L ,m = 1( )M be the point-wise error and e —[ N N S
OO N A ]T be the error vector.
Let us define
o = 11216, —2(n" <1)6, +n(nF1)e,,, |/2
e =106 =20 = 1) 0 (nF ), ]2
o =115 =200 V) e (07 1)e, ]2
I 26;,, oy |/
S =la,n =26, 46, /K
A f,] /[20]
6. =[#B6, 7, +q,, |/ [2]
& =[] /[2]
o =[G~ G ] /[ 2]
I RIS CRE I V)
For 6 =0,1, we define
g~|ia m= ( ™ y~mvu|+é mr U, ? ~y|ﬂ;m ) ~ élté m (38)
Eiiom = Oieom —Ciiom
Let
. 1 5hAI] . 3
O Eimad CESERE (39)
N - h
L= ML M) (40)
Replacing the symbols U~ and M by ¢ = and /\A/l;iq ., Tespectively in equations (23)-(24), we
can easily obtain the expressions of & and ¢ in a similar manner. Thereby, applying the Mean

value theorem, one obtains
1+6n.m =4q,

>
>
>

)

lib‘n,mfarlﬁnim 1+6n,m Ysspm Clib‘r]‘mfliﬁr]‘m’ = 07 1 (41)

for some suitable constants a

i+6m,m blir&ry.m, and cli&r].m'

Then, with the help of equation (33), the errors equation in its compact operator form for [ = 1(1)L ,

= 1(1)M is given by

224, [ mna,
_12 tm h_ - B 6126[ m k 2 1- - (EH m BH mg )
, 2 Al,m o ' 127 Al,m 1 LT
2 A nmhA, .
" <1277 B 2)(E]m - BmeW,J,, ) i 1 " (Eli,]‘m' B Bl”?vmfyylfn.m ) (42)

l.m
=k + %k + R
The above error equation in the matrix-vector notation, is represented by the relation
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w(u)—l//(U):Qs (43)
where Q = [vaq] , pg=1 (1) LM is the tri-block-diagonal matrix with following as the only non-zero
entries.

m = 2(1)M :
1 A
Qufisa (oo =~ 73 Bom oW +#),0=2(1)L,
Qs paine = —%Bm +O(R* +1),0=1(1) L,
1 . .
Qs fosfivan =~ o * oW +#),0=1(1)L -1,
m=1(1)M
Qoo = %BW — 24, +O(K +#),0=2(1)L,
Qoo = gBm +20°A, +O(W +F),0=1(1)L,
Qoo oo = éBm 1A, +O(H +#).o=1(1)L-1,
m=1(1)M -1 :
1 . .
Quivmnseos =15 Bo oW +#),0=2(1)L,
Qurypromins = —%Bm +O(W +8),0=1(1)L,
1

Quetirmnteaes = 13 Bon * o(r +¥),0=1(1)L-1

From the equations (37) and (43), we find that
Q=T (44)

Therefore, for sufficiently small values of A and %, the lower, upper and diagonal blocks have non-zero

entries at the sub-diagonal, main-diagonal and sup-diagonal, provided 64* < B /A, . . Thus, there
exists a directed path connecting any two ordered pair of nodes p and ¢ for the matrix @ . Hence, the

graph G (Q) of the matrix @ is strongly connected and therefore, @ is irreducible (see Varga [26]).

(2.4)

p,q = 1(1)LM , k=1h* and L, be the weak row sum elements of the matrix @ . Then, one obtains

~

b

P

a

, b =min
pal

P

B

2}

@ = min
g

A

2]

)

Let A = min , A, =min
b.q :

B = min
Y P

¢ =min|c
p.q D

11
F12§B+O(h)>0,
r ZB+O(h)>0, q=2(1)L—1,

r, 2%B+O(h)>0,

T 2h2r2A+h—;z'2&+O(h4) >0, r=2(1)M-1,

2612h4+0(h5)20, r=2(1)M-1, ¢=2(1)L-1, if ¢20,

(r—l)LJrq
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F(H)“L > hZTQA—%gz'Qé+O<h4) >0, r= 2(1)M—17

11
ZEB+O(h)>O

(M-1)L+1

r >B+0(h)>0,g=2(1)L-1

(M=1)L+q ’

11

(M-1)L+L 2 E

r B+ O(h) >0
The positivity on ', except for the main diagonal of @ follows for the small values of h. Thus, if h is
taken to be sufficiently small, then the matrix @ is monotone. As a consequence of monotonic and

irreducible behavior, Q7' exists and Q' >0 (see Young [29] and Henrici [8]). Let Q be the ( D,q )’

element of @' and we define the matrix norm as follows

L-1 L-1
o -1 -1 -1 1
||Q o - Pgt%ﬁ[ |: Qp.l + Z Qp.q + Qp.] M 1 L+1 + Qp (}U 1 L+q

q=2 q=2

M-1 -1
-1 1 71
+ Qp.LM| + Z 1)L+1 + Qp (r-1)L+q p.rL

r=2 q=2

and

= Ok + KK + h'F)

The matrix identity @' (Q J ) =J , where J is LM x1 matrix with all of its elements as one. In the

expanded form, we can write

3 QIr, =Lp=1(1)LM (45)

pqg p
q:l(l)LM
Thus, the following bounds on the non-zero elements of the matrix @' can be obtained with the help

of Taylor’s expansions.

= 1(1) LM -
. 1 1
Q< r_1 <= O(h) ,
L-1 B 1 1
QZ:; "2 min T SE+O(h)7
g=2(1)-1 1

T, 1B
M-1 ~
1 1 a
ZQ;IT 1)L+1 : S 2 24 2 42 +O(h§)®2 ?
~ r:IZI(};Efl F(H)L+1 ht"A  2ht°A
LM
ZQP qrq =lc=
M-1L-1
Q! < n-1)(fA-aA
;; A i 11" = h412A B ( }32( 20 A2 Z) + O(h'f)’68 20,6#0
T, W 1
r=2(1)M-1
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M-1 ~
1 1 a
Q' <— <——+———+0(hF),E20,
ZZ " i T, WTPA 2htA? ()
1 12
Qo S———<——+0(h),
P l)] l r(M—l)LH 11B
L-1

. 1
zQp.ts‘fl—l)Lw < E +0 (h) R

1 1
o< ——<—+0(n),
Qo r,, 1B ( )

Thus, we obtain
h4 hﬁ
LYy
RQ™ <iért 12p77cA’

(A,, (77 —1)&+A(23;7 +1))+ O(hg),é >0
O(h'),é=0
In combination of the above inequalities and equation (44), we conclude that
z,<0" T <0(n') (46)

This implies that, the solution error (&) occurred due to finite difference replacement vanishes as
h — 0. We conclude the above results as a following theorem that ensures the existence of numerical
solution.

Theorem 1: The non-polynomial spline finite difference method (30) is accurate for the numerical
solution of EBVPs (11) with Dirichlet boundary conditions and converges for sufficiently small values of
h and 64% < B, /4, provided 0,G >0 and 6[/,16', 6UVG are bounded. Here, the condition 0,G >0

corresponds to ¢ =0 .

5 Numerical Verifications

To illustrate the application of proposed non-polynomial spline finite difference scheme, we have
obtained the approximate solution values and compared them with the exact solution values for quasi-
linear EBVPs occurring in the various physical applications. The corresponding polynomial spline
difference equation is obtained as a limiting case of hyperbolic function frequency parameter (@ ) to zero.
The accuracy of solution values is compared using root mean square errors and maximum absolute value

defined by the relations

1 L M 5 1/2
||g||2 = LM ZZ|U’-’” - u!.m,| ? ||8||DO = maxl,m ‘Ul.m - ul,m‘ :

=1 m=1
The computational order of convergence is presented, showing close resemblance with the theoretical
error estimation. The metrics of orders are defined by formula

(1) (1)
<l J<l,

0, = 10g2 (2L+12M+1) |’ ®2 = 10g2 (2L+1.2M+1)
o], o]
In order to illustrate the computational convergence, we have taken values of mesh ratio parameter
7 =20 . The solutions are obtained by Gauss-Seidel and Newton-Raphson method. The error tolerance is
taken as 107" and in non-linear problems the initial guess is taken as a zero vector (Hageman and

Young [7]). As a test procedure, boundary conditions are obtained from the analytical solution. The
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algebraic calculations are obtained in the Maple environment; while numerical computations are
executed with C programming.
Example 5.1: (Babich et. al. [3]) Consider the Tricomi equation describing near-sonic flows of gas
yaiU + 8jU = O,(x,y) € (0,1) X (0,1)
The analytical solution is given by U(J;,y) =32 —9* +2° — 2y’ + 6y2” —y'. The accuracy of solution

values in terms of maximum absolute errors and root mean square errors along with their convergence
order is computed and shown in Table 1. The theoretical order of accuracy has close resemblance with
the computed results.

Example 5.2: (Polyanin et al. [21]) Consider the Graetz-Nusselt equation, which is governing steady

state heat exchange in a laminar fluid flow with parabolic velocity profile in a plane channel

QU+U =P (1)U, (2.9) €(0,1)x(0,1)
The analytical solution is given by U (fc, y) =122+ P y’ (6 — y4) +1 and the quantity P denotes the

Peclet number. Errors of the exact and approximate solution for P =100 are given in Table 2.
Comparing the results of non-polynomial spline with 7 # 1, it has been observed that the iteration

number ([tr) and consequently, the computing time to achieve the desired accuracy is much less

compared to polynomial spline with 7 =1. The graphical solutions on the domain (—2,2)><(—2,2) has

been shown in Figure 1, with 7 =1/40, =05 and P =100.

Example 5.3: (Kozlov et al. [14]) Consider the stationary Khokhlov-Zabolotskaya quasi-linear EBVPs,
which arises in acoustics and mass transfer theory

U +8,(U8,U)=0, (z.y)e(0.1)x(0,7)

The analytical solution is given by U (:I:,y) =-1+4++14+2z+y . The accuracy of solutions are obtained in

Table 3 for various values of A in case of non-polynomial spline finite difference scheme.
Example 5.4: (Polyanin et al. [22]) Consider the quasi-linear EBVPs occurring in the theory of

combustion

8,(voU)+o, (Vo) = 4 (a,y) e (0,1)x (0.1)

T

T4y

The analytical solution is given by U (z,y) =¢"" . The accuracy in the solutions are obtained for small as

well as large values of spline parameter @ in Table 4 using various values of h. The iteration number

(Itr) and consequently the computing time shows tremendous improvement in the case of non-

polynomial spline and 7 # 1, while order and accuracy being almost unchanged.

6 Concluding Remarks

In this article, we have solved two-dimensional quasi-linear EBVPs by means of finite difference
approximations having compact character and one dimensional non-polynomial spline basis. Importance

of the parameter 7 with non-unit value and spline parameter @ being not small has been illustrated by

the help examples. The proposed method shows superiority over cubic polynomial spline scheme in terms
of iteration number and consequently the computing time, and it is capable of achieving accuracy of

fourth order. The method is convergent and can be extended to three-dimensional non-linear EBVPs.

Copyright © 2016 Isaac Scientific Publishing JAAM
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Table 1: Solution errors and computational order of convergence for example 5.1.
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Fig. 1 Numerical solution to Example 5.2

JAAM

h ® n E, E, 0, 0,
1/10 0.8 7.59e-03 5.17e-03 - -
1/20 0.8 4.87e-04 2.92e-04 4.0 4.1
1/40 0.8 3.06e-05 1.77e-05 4.0 4.0

Table 2: Solution errors and computational order of convergence for example 5.2.

h ® n Itr E, E, 0, 0,
1/10 0 1 58 1.26e-01 | 6.45e-02 —- o
1/20 0 1 95 8.73e-03 | 4.07e-03 3.8 4.0
1/40 0 1 841 5.48e-04 | 2.50e-04 4.0 4.0
1/10 20 0.36 19 1.44e-01 | 6.81e-02 - -
1/20 20 0.21 80 9.21e-03 | 4.16e-03 4.0 4.0
1/40 30 0.10 765 5.57e-04 | 2.54e-04 4.0 4.0

Table 3: Solution errors and computational order of convergence for example 5.3.

h W n E E, 0, 0,
1/10 10 1 1.95e-04 8.29e-05 - -
1/20 10 1 2.09e-05 6.72e-06 3.2 3.6
1/40 10 1 1.37e-06 4.14e-07 3.9 4.0

Table 4: Solution errors and computational order of convergence for example 5.4.

h 0] n Itr E, E, 0, 0,
1/10 0.0001 1.0 178 3.72e-03 | 2.53e-03 - -
1/20 0.0001 1.0 609 2.43e-04 | 1.43e-04 3.9 4.1
1/40 0.0001 1.0 2418 1.52e-05 | 8.66e-06 4.0 4.0
1/10 300 1.0 103 3.58e-03 | 2.43e-03 - -
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1/20 300 1.0 439 2.09e-04 | 1.23e-04 4.1 4.3

1/40 300 1.0 2072 7.86e-06 | 4.49e-06 4.7 4.8

1/10 300 0.8 98 3.49e-03 | 2.37e-03 -—- -—-

1/20 300 0.8 413 1.81e-04 | 1.07e-04 4.3 4.5

1/40 300 0.5 1739 1.09e-05 | 6.22e-06 4.1 4.1
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