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Abstract A non-Euclidean analog of the generalized Darboux equation is considered. For the
case where its solutions are radial functions of the second variable we obtain an uniqueness result
(Theorem 1), which deals with zero sets of these solutions. The example of the function in Theorem 2
of the paper shows that Theorem 1 cannot be essentially reinforced.
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1 Introduction and Statement of Main Results

Let £ be the Laplace-Beltrami operator on a Riemannian manifold X (see, for instance, [1, Ch. 2]). The
partial differential equation
Lo (f(x,y) = Ly(f(2,9)) (1)

with f = f(x,y) € C?(X x X) is called the generalizing Darboux equation. Such equations are of
considerable interest in their own right, but they are also important for many applications in geometric
analysis (see [1], [2]) and integral geometry (see [3]-[5]). In particular, equations of type (1) are closely
connected with the mean value operators on symmetric spaces (see [1]-[3], [5]).

In this paper, we investigate zero sets of solutions of the generalized Darboux equation for the case
where X is the real hyperbolic space.

We take X as the ball B = {x € R" : || < 1} with the Riemannian structure

daf+--- +da?

2="11 "
N P )

The Laplace-Beltrami operator for (2) is given by

—n O
L=(1—lzf) Za (1—x|2)2 3%>

Thus equation (1) has the form

(1~ ol Z;’(l—u)? )

= (1-1yP) fjf(l—M? )i ®

y;

where f = f(z,y) € C*(B x B).
For R € (0,1) and r € [0, R) we set

M, r1={(z,y) € Bx B:r <|z| <R, |yl <th(arth|z| —arthr)},

M, ro={(z,y) € Bx B: R <|z| <th(2arthR — arthr),
ly| <th(2arth R — arthr — arth|z|)}.

Let SO(n) be the rotation group of R™.
The main results of this paper are as follow.
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Theorem 1 Let f € C?*(B x B) satisfy (3). Suppose that R € (0,1) and r € [0, R) are given, and the
following conditions hold.
(i) f(z,y) = f(z,ky) forall z,y € B, k€ SO(n).
(i) f(x,0)=0 4 r<|z|<R.
(iii) f(x,y)=0 forall z,y € B, |z| = R.
Then f =0 in M, r1 UM, ra. Moreover, if r =0 then f =0 in B.

We need to say a word about condition (i). It is a well-known fact that if f(x,y) is a radial function
of y and

f(x,y) :h(xat)’ tzarth\%

then equation (3) can be rewritten as

eSS0 (g ey ) PR _ oh
(1—|z|?) ;8%_ (1 |2|?) o, h= G +2(n—1)cth2t -

This relation is a hyperbolic analog of the Darboux equation. Some Euclidean analogs of Theorem 1 can
be found in [4] and [6].
The following result shows that Theorem 1 cannot be essentially improved.

Theorem 2 Suppose that R € (0,1) and € € (0, R) are given. Then there exists a nonzero solution
f € C?(B x B) of equation (3) such that

f(z,0)=0 in {reB:|z|]<R-¢} (4)

and conditions (i) and (iii) in Theorem 1 hold.
For more results on the theory of differential equations on symmetric spaces and their applications,
see [2].

2 Basic Notation

In the paper, we use the following standard notations: R, N, Z, and Z denote the sets of real, natural,
integer and non-negative integers, respectively; I' is the gamma-function; F(a,b;c;z) is the Gauss
hypergeometric function.

The Mébius group M(B) acts transitively on B by conformal mappings (see, for example, [4, Part 2,
Ch. 2]). The Mébius transformations are motions in Poincaré’s model of the real hyperbolic space realized
on the ball B. The hyperbolic metric d on this space is defined by the equality

1. 14|z

d(0,z) = ilnl— Ek

r € B, (5)

and the condition of invariance under the group M(B). Relation (5) shows that
|z| = thd(0, ), x € B.

The Riemannian measure du on B has the form

dx

W)= T ey

We recall that dp is invariant under M(B).
For R > 0, we denote by the symbol Br(y) an open ball with radius R centered at y € B, i.e.,

Bgr(y) = {zx € B :d(z,y) < R}.

We set B = Bgr(0) and Sg(y) = {z € B : d(x,y) = R}. Furthermore, let yr be the characteristic
function (the indicator) of the ball Bg.
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We need the following classes of functions and distributions on B: L(B) and L!'°°(B) are the classes of
functions integrable and locally integrable on B with respect to the measure du; D'(B) and £'(B) are
the spaces of distributions and compactly supported distributions on B, respectively; D(B) is the space
of compactly supported functions infinite differentiable in B.

Let T be a distribution with compact support in R. Its Fourier transform is defined by the relation

T(z) = (T,e ™", zeC.

For a distribution f, f denotes its complex conjugation, supp f stands for the support of f. The symbol
x denotes the convolution of distributions on B in the cases where it exists (see [1, Ch. 2, § 5]). For the
convolution of distributions on R, we use the usual symbol "x".

Let S"~! = {x € R" : |z| = 1}, let w,_1 be the area of the sphere S*~1, let p and o be the polar
coordinates of the point z € R" (p = |z|. If z # 0, then o0 = z/p € S*1).

Let Hj, be the space of spherical harmonics of degree k on S"~!, regarded as a subspace of L?(S"~1)
(see [4, Part 1, Ch. 5]), let aj be the dimension of Hy, and let {Yj(k)} 1 < j < ag, be an orthonormal

basis in Hy. To every function f € L'°°(Bgr) we assign its Fourier series

oo  ag

f(l’)"’zz fk,j(P)Yj(k)(a), 0 < p<thR,
k=0j=1
where
frji(p) = /Sni1 f(po) Y;(k) (0)do.
We set

(@) = fr(0) Y (o).

Let O(n) be the orthogonal group of R™ with the normalized Haar measure dr, let T%(7) be the
restriction of the quasi-regular representation of O(n) to the space Hj (see [7, Part 2, Ch. 9]), let
{th )} (1 <j,p<ax) be the matrix of the representation T%(7), that is

(T* (1Y) (o) = YP (- o) = Z th (7)Y, (o)

for any 7 € O(n) and o € S"!. Then one has

() = a / [ ) B () dr (6)

O(n)

(fil. [7, Part 2, Ch. 9, formula (9.5)]). Next, for each f € D’(Bg) we define the distribution f*7 € D'(Bg)
by the formula

(f*,9) = <f, ay /O( : g(r™ ) 15 (7) dT>, 9 € D(BR).
For a set M(Br) C D'(Bg) let
My ;(Br) = {f € M(Br): f = [}, IMy(Br) = Mo,1(Br)-
3 The Functions &, ;
For the rest of the paper, A € C and

V:V()\):%(M-i-n—l).
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For ke Zy,j€{1,...,a;} and x € B\{0} we put

Dy k,j(w) = Qx,k(P)Yj(k) (o),

where
I'v+k) F(%)

Dy k(p) = m

pk(l—PQ)VF(Vka,VJrl—Z;Z+k;p2>~ (7)

For any m € Z we consider the differential operator d,, defined on C1(0,1) as follows:

(dmf) () = (l_g)m_lgt(@ —t)mf(t)>, feci(o,1).

Let £y, = L —4(k — 1)(n+ k — 2)I, where I is the identity operator. A simple calculation shows that
(£rf) (@) = (de-rda-r—n) ()Y} (0) (8)

if f € C?(Bg) has the form f(z) = u(p)Yj(k) (o).
Using (7) and [8, formulae 2.8 (25), 2.8 (26))] we easily obtain

(dx® k) (p) = (iX =2k —n + 1)®y k41 (p), 9)
(d1-k—nPxkt1)(p) = (PA + 2k +n — 1)y k(p). (10)

In what follows we assume that all functions that are defined and continuous in a punctured neigh-
bourhood of zero in R™ and admit continuous extension to 0 are defined at 0 by continuity. The functions
P 1,; admit continuous extension to the point = 0, becoming real-analytic functions on B. Formulae (8),
(9) and (10) imply that

(L+ N+ (n—1)*)1)(Prk,;) =0. (11)
In addition, the equality
1 L—[2*\" )
A,k,](x) W1 47171 <|.T _77|2> j (T]) n ( )

holds for all A € C and x € B (see [4, Part 2, Ch. 2, formula (2.9)]). Since

1= Ja? _ 1+ af

< , r€B, ne s
|z —n? = 1 |z]

it follows from (12) that

aal aoén
L @) =0 ( 14 |A[yorttan T“m*l) 13
max | g g Pk (@) = O (14 1) ¢ (13)
for r € (0,1) and ay, ..., a, € Z, where the constant in O does not depend on .

Lemma 1 Let \,pu € C, R€ (0,1). Then

R n—1
(N = p?) /O (lt_w P (1) P e(t) At =

n—1
= uiﬁ (@A,k(R)@ft,k(R) - ¢p,k(R)¢&7k(R)).
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Proof. Putting a = "T_Q + k, we get

D (t) = M t" (1= %)% gy a(arth), (15)

where
144X Jr171'/\
ot -2
2 7 2

(see (7) and [8, Ch. 2.9]). Using now [7, formulae (7.18) and (7.46)] one has

orall)=F (a + ;o + 1; —sh? t> (16)

(A2 — ) / Da€) Pa(€) or.a(€) dE =

= 2a(®) (P20 a(t) = Pualtlhald),

sin 2t \ 221
s = (22Y

where

This together with (15) implies (14).

Equality (15) implies that for all k € Zy, R € (0,1) the function @, ;(R) is an even entire function of
A. Using [7, Proposition 7.4] we see from Hadamard’s theorem [9, Ch. 1, Theorem 13| that @ x(R) has
infinitely many zeros.

Lemma 2 All the zeros of @y, (R) are real, simple, and the set of these zeros is symmetric with respect

to A =0. In addition @ (R) > 0 for i\ € R.

Proof. Tt follows from (15), (16), and the expansion of F' in a hypergeometric series (see [8, Ch. 2, § 2.1,
formula (1)]) that @y x(R) > 0 for i\ € R. Next, let §) ,(R) = 0 for some A € C. We claim that A € R

and % @t,k(R)’ R # 0. Assume that \ ¢ R; then \? # XQ, since i\ ¢ R. Putting u = X in (14) and taking
t=
into account that @y, (R) = 0, we infer that

R t’nfl 9
/0 m |¢)\,k(t)| dt =0, (17)

which is impossible. Now assume that <% @t’k(R)’ e 0. Letting g — X in (14) we obtain (17) once again.
t=
Hence, all the zeros of @ 1 (R) are real and simple. Since the function @, ,(R) is even, this completes the
proof of the lemma.
Let Ni(R) be the set of positive zeros A of the function @, ;(R). Lemma 2 shows that Ni(R) has

the form Ni(r) = {A1,Ag,...}, where A\, = A\, (R, k) is the sequence of all positive zeros of @y ,(R)
numbered in the ascending order. Owing to [9, Ch. 1, Theorem 6], we have

o0
Z ME < o0
m=1

for any € > 0.

Lemma 3 Let A € Ni(R) and

R n—1
10 = [ e o

Then I(\) > CA™"=2, where C' > 0 does not depend on \.
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Proof. Because of (16), for ¢ > 0 one has

I(a+ 1) (sh2t)?
Ila+1) 203

Pra (t> =

1 cht—chg

t
- h2t — ch26)° 2 F 20, 0:

> cos AE d€

(see [10, equality (2.21)]). Using now (15) and repeating the arguments in [4, Part 2, the proof of
Lemma 2.7] we arrive at the desired statement.
Formula (11) with & = 0 implies that @, ¢(|z|) coincides with the elementary spherical function ¢y on

B (see [8, Ch. 4, §4.2]). The spherical transform f()) of a distribution f € 5h/(B) is defined by

FO) = (f.02)- (18)
By (18) and (11) we conclude that
Lmf(N) = ()" + (0= D) FQ). me Ly
This together with (13) shows that for f € (5; N C?™)(B)
FO)=0(A2™), A—o0, AER, (19)
where the constant of the symbol O is independent of ).
Lemma 4 Let T € E(B), f € C*(B) and Lf = —(N* + (n —1)*)f. Then

(f x T)(z) = T\ f(z), z € B. (20)

In particular,
sh2r> not Dy 1(thr)
v

(Pak,j X Xr)(T) = Wn—1 (

> Dk, (2) (21)

for any r > 0.

Proof. The first equality follows from the mean value theorem for the eigenfunctions of the operator L
(see [8, Ch. 4, § 2.2]). Next one has

thr n—1
xr(A):/B @A,O(|x|)du(x):wn_l/o m

Combining this with (10), we obtain

~ sh2r\" ! &, , (thr
X’F(A) = Wn-1 ( 5 ) )\71( )

v

Thus the second equality in the lemma follows from the first with T' = ...

4 Linear Homeomorphisms 2l ;

In this section we define an operator allowing the reduction of several problems for convolution in B to
the one-dimensional case.
For f € L'°°(B), ¢ € B\ {0}, z € B\ {0} we set

Wn—1 |z 2]

Ki(hi = —— (45 '“””'2)"_1 (7 X OV (). (22)
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Lemma 5 Let f, f, € L'°°(B), n € N, and assume that f, — f in the space L(E) for each compact set
E C B. Then for each ¢ € B\ {0} the sequence {K¢(f,)} converges to K¢(f) in D (B).

Proof. Let ¢ € D(B), supp ¢ C B, and let

o= 5 () e (1),

[(K(fn), o) = (Ke(f), 9)| <

< sup / o — fldp / Wpldu <
z€Ba J Ba(0,x)(C) Ba

< /Ba@ I fldu/Ba 6ldp.

Since f,, = f in L(B4(¢)) this implies the desired result.

Using (22) we obtain

Lemma 6 Lett >0 and k € Z. Then there exists Sy, € £'(R) such that supp &, C [—t,t] and

Sip(N) = mp(i(i)k) @y x(tht), AeC. (23)

Proof. As already pointed out in § 3, for each ¢ > 0 the function % Py ,(tht) is an even entire
function of A\. Moreover, it follows from (13) that

|@,\7k(tht)| < Ceﬂlm)\l, (24)

where the constant ¢ > 0 does not depend on A. Now the Paley-Wiener theorem (see [11, Theorem 7.3.1])
completes the proof.

Lemma 7 Let a > 0. There exists a linear homeomorphism Uy, ; : D} ;(B,) — Dy(—a,a) such that the
following assertions hold.
(i) For each X € C,

W (P i) (1) = m cos At (25)
(ii) If f € L}COS(Ba); t € (0,a), and ¢ € Sy, then
BT 1 (Ke(f) = W 7 (&) @)« i) (26)

in D'(t —a,a—1t).

Proof. According to [7, Theorem 10.21], there exists a linear homeomorphism 2y, ; : D}, .(Ba) — Dy(—a,a)
satisfying (25). Let us prove (26). First of all, we note that the set Lin {®y x ;, A € C} is a dense subset
of D}, ;(Ba) (see [7, Proposition 9.9]). Therefore, without loss of generality we can assume that f = @y ;,
A € C (see Lemma 5). Next one has

ny/wn—1 1,1 (Ke(Pak,j)) (£) = Pa,j(€) cos A (27)
(see (21) and (22)). On the other hand,
W (A 5 (P kj) * Srr) (6) = Von—1 Par(C) cos A (28)
2

because of (25) and (23). Comparing (27) with (28) we arrive at (26).
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5 Proof of Theorem 1

We now proceed to the proof of Theorem 1. Let f € C?(B x B) and suppose that this function satisfies
conditions (i)—(iii) in Theorem 1. For each t € (0,1), Asgeirsson’s mean value theorem (see [1, Ch. 2,
§ 5.6, Theorem 5.28]) yields

/ﬂ f@ﬂﬁMK%=/ f@.Q)dw(¢), zeB
Se(z)

5:(0)

where dw is the surface element on Si(z). This equality and condition (i) in Theorem 1 show that

Wn—1 (Shlt cht)n—1 /S (=) f(¢,0) dw(C) (29)

for all z € B, y € S¢(0). Let R’ = arth R, a = 2R’ — arthr. Now define u(z) = f(x,0) for r < |z| < a and
u(z) = 0 for |z| < r. Relation (6) and property (ii) imply that

uFI(z) =0 in Bg (30)
forall k € Zy, j € {1,...,ar}. In addition, by property (iii) and (29),
W < x)(Q) =0, (€ Swl(0),
for each ¢t € (0, R’ — arthr). Hence
Ay j(u*)xGpj =0 in (R —a,a—R)

s

f(x’y) =

because of Lemma 7. Using now Lemma 3 and [4, Part 3, Theorem 1.3] we see that

Uy (W)(E) = Y erny cosAt, (31)
AENK(R)
where ¢y 1,; € C,
Chk,j = O()\’Y), A — 00 (32)
for some v > 0, and the series in (31) converges in the space D'(—a, a). Owing to (25), this means that
ubI(@) = D eany Paky(@), (33)
)\EN}C(R)

where the series converges in D'(B,). Let ¢, € Dy(B) and supp ¢. C Be, € € (0,a). In view of Lemma 4,
we conclude from (33) that

(ukJ X e )(z) = Z Cxke,j Pe(A) Pak,j(2), T € By—. (34)
AENL(R)
Together with (32), relation (19) yields
~ 1
kg Pe(A) = O <)\b> , A — 00

for each b > 0. Taking (24) into account we see that the series in (34) converges uniformly on compacts.
Therefore, we obtain

Cakj Pe(N) = (/B

(see Lemma 1). Letting ¢ — 0, for a suitable sequence {p.} one has

¢A,k,j($)|2du($)> /B(uk’j><<Pe)($)¢x,k,j($)du($)

R/

CAJw':(/B |‘Px,k,j($)2du($)> /B u (2) Py s () dp().

k

Hence ¢y x,; = 0 for all A, k,j because of (30). Now we know that the functions u J and w vanish in B,.

In view of (29) this gives us the assertion of Theorem 1.
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6 Proof of Theorem 2

Owing to [4, the proof of Theorem 2.2.6 (5)], there exists a nonzero function v € C°°(B) such that
u(z) =0 for |[z] < R —¢ and

ux)= > exPriala), (35)

AEN; (1)

where ¢y € C and the series in (35) converges in the space C*°(B). For « € B, y € B\{0} we define

1
P = ey [, MO, (36)

where R = |y|. In addition, we set f(z,0) = u(z), x € B. Then f € C?(B x B) and (3) are satisfied
because of [1, Ch. 2, Proposition 4.12]. Next, by the definition of u, relation (4) holds. Finally, in view
of (36) and (20), conditions (i) and (iii) in Theorem 1 are satisfied for the function f.
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