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Abstract In this paper we consider some problems of the theory of approximation of functions
on interval [0, co0) in the metric of L, with weight sh®* = using generalized Gegenbauer shifts.
We prove analogues of direct Jackson theorems for the modulus of smoothness of arbitrary order
defined in terms of generalized Gegenbauer shifts. We establish the equivalence of the modulus
of smoothness and K-functional, defined in terms of the space of the Sobolev type corresponding
to the Gegenbauer differential operator. We define function spaces of Nikol’skii-Besov type and
describe them in terms of best approximations. As a tool for approximation, we use some functions
classes of spectrum. In these classes, we prove analogues of Bernstein’s inequality and others for
the Gegenbauer differential operator. Our results are analogues of the results for generalized Bessel
shifts obtained in the work [30].

Keywords: Approximation of functions, generalized Gegenbauer shift, Gegenbauer transformation,
Nikol’skii-Besov type spaces, embedding theorems.

In the classical theory of approximation of functions on R = (—o0, 00) the shift operator f (z) — f (z + y),
x,y € R. plays a central role. This shift operator is used in the construction of the moduli of continuity
and smoothness, which are the basic elements of the direct and inverse theorems of approximation theory.
Various generalizations of shift operators enable to state natural analogues of problems in approximation
theory. Groups and semigroups of operators on Banach spaces are generalizations of the shift operator.
Different problems of approximation theory on Banach spaces with groups and semigroups of operators
were considered in [1, 3, 5, 7, 44].

Generalized shift operator naturally follows from "addition theorem" for eigen functions of the dif-
ferential operators (for example, Legendre, Gegenbauer, Jacobi, Laguerre, Hermite and other). These
operators may not form a group or semigroup, but the generalized moduli of smoothness defined in terms
of them can be better adapted to the study of relations between the smoothness properties of functions
and the best approximations of these functions in weighted function spaces. Some results on the best
approximation of functions using generalized shift operators can be found in [1, 4, 22-26, 29-39, 45]. Note
that most of the papers on this topic deal with the approximation of functions by polynomials on a finite
segment. For the half-line, most popular examples are the generalized Bessel and Dunkl shifts (see for
example [4, 23, 30-32]). Fourier-Bessel and Fourier-Dunkl harmonic analysis, which deals with Bessel and
Dunkl integral transformations and their applications, are closely connected with the generalized Bessel
and Dunkl shift. Moreover, generalized Bessel shift is widely used in the potential theory and theory of
maximal functions (see, example [5, 11-13]). The file of constructions of the theory of generalized shift
operators generalize in the theory of transformation of operators (see for example [7]). We reduce only
these works which have at least some relation to the paper. In this paper the generalized Gegenbauer
shift are considered and by using this some questions of approximation theory of functions in [0, 00) in
the metric L, , with weight sh?* x are studied.
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1 The Properties of Generalized Gegenbauer Shift and Statement of Main
Results

For every p, 1 < p < 0o, we denote by L,, y the Banach space of measurable functions f on R (defined up to
their values on a set of measure zero) such that the norm

1
P

1£la = £ (ch) O] 5 = ( / Z L eh )P sh? tdt)

is finite.
For p = oo we denote by Lo » the set of all functions f that are uniformly continuous and bounded
on Ry. The norm in L,  is defined by the formula

[l = 17 (ch) Ol x = sup [f(ch)].

teER 4
Let q q
1A\ A1
Do (21 L2 d 1.1
A (x ) dx (I ) dz (1.1)
be Gegenbauer differential operators.
The functions (see [9], for.(2.3) and (2.8), and also [11], p.1045, for. 8.936(1))
I'(a+2X) cos Am Ca—a)
P (ch x) = 2ch
o h2) = F O Tatagr ) 2h o) 12)
@ e} 1 1 ’
- _ 1. T >
><F(2+)\, 2—1—/\4—2,0[—&—)\—&—1,6}12x>7x_O7
I (a + 2)\) 1y 1\
A _ 2
CO( (Ch .T) = \/’Em (2Sh .’E)z Pa+>\_1(ch x)
I'(a+ ) a o 1 1
=————~ (2ch2)*F|——=, ——+=; 1 —a—A; ——— 1.3
TO) I (ax1) 2o ( g g gl ch2x)’ (13)

1_
where P2 )\Ail(ch x) is Legendre function, and F (a, §; 7; x) is Gauss’s hypergeometric function, are the
linearly independent solutions of equation

sh2xy” (ch x) + 2\ +1)ch zy (ch ) — a(a+2)\)y (ch ) = 0. (1.4)
For the functions P} (ch z) and C? (ch x) the following formulas (see [9], p. 1939) are valid:

P} (ch xch t — sh wsh t cos @)

T —1) & 4T (a—n+1)T2(A+n) (2n+ 2\ —1)
A -1
oy =Y T(a+2X+n) (15)
xsh™ x sh™ tP2TT (ch ) CAT"(ch t)C;}_% (cos ),
C2 (ch x ch t — sh x sh t cos )
r2ex—1)x WA (@ —n+1) T2 (a+n)(2n+2X—1)
=2 S (-1
2\ n:O( ) I'(a+2\+n) (1.6)

xsh™ z sh™ t X" (ch ) CAT (ch t)Cf[ 2 (cos @),

where o —mn # —1,-2,... .
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Taking into account the following equation (see [11], p.844)
™ 1 07
/ Cn™ % (cos @) (sin ) Tdp={ TN T
0
+

from (1.5) and (1.6) we obtain

1\ =
Ai‘h tP&\ (ch z) = M fPoj\ (ch xch t — sh xsht cos ) (sin go)z/\ ! dy
roNrs)o W
- WP&\(C}L HCA (ch @) = PMcht)Q (ch «)
1\ =
Ai‘h . g (ch x) = ;(g\))\;é)) Ong (ch xch t — sh xsh t cos ) (sin ga)m_l dy s
= QM(cht)Q) (ch x).
In (1.7) and (1.8) - .
Q) (eh ) = LD en o),
where
Ai‘h Jch )= Ach o f (ch x)
=C(N) /Tr f(ch zcht—shzshtcos @) (sin @) 'dp, (1.9)
0
and r ()\ 1) .
_ # _ "o 22—1
oW =ty ~ (] ™ 00)

are generalized Gegenbauer shift operator, follows from "addition theorem" (1.5) and (1.6) for Gegenbauer
functions naturally.

Here and further after ¢ (a,b,...) > 0 will denote the constants, dependent only on written parameter,
moreover this perhaps differs in different of formulas.

The generalized Gegenbauer shift operator possesses some properties which are analogues to generalized
Bessel shift operator in the work of Levitan [26]:

1) Linearity and homogeneity:

Acph t{a f(ch ) +bg(ch z)} = aAcn ¢ f (ch ) + bAch +g (ch x),

which follows from the integral property.
2) Positivity. Aep +f (ch ) > 0, if f (ch x) > 0, which is evident.
3) A1 f(chz) = f(chx), Acn 11 = 1, which follows from (1.9).
4) If f (ch ) =0 for > a, then Agp, +f (ch ) =0 for |z — t| > a.
Indeed, ch xch t — sh x sh t cos ¢ > ch (x —t) > |z — t|, from this the property 4) follows.
5) Ly x-boundedness. For any f € L, x, 1 < p < oo, (see [14], Lemma 2)

[Ach efllpx < 1 fll, 5, t€10,00). (1.10)

6) The operator Ay is continuous on Ly, y.
7) Symmetry of the operator Ay, ¢,

Acph tf (ch @) = Acp, o f(cht)

is evident.
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8) Commutativity. For every continuous functions f (ch x) and any really y,¢ > 0 the following
equality is valid:
Ach yAch tf (Ch .’IJ) = Ach tAch yf (Ch :E) .

9) The operator A.p+ is self-adjoint (see [14], Lemma 3). This property is proved in [13].
For any f,g € L1 the following equality is valid:

/ Ac of (ch ) g(cht) sh® tdt = / f(cht) Aep 19 (ch x) sh® tdt.
0 0

For every f € L, » the differences of order k (k =1,2,...) are defined by the formula

Al of (ch @) = Ach of (ch ) i= Aep o f (ch @) = [ (ch x),
Ak f(ch x) = Aen o (A’jh% (chz)), k=23,..
or
- k
Ak f(ch x) = Z <V) A% f (ch ). (1.11)
v=0

For every natural number k the modulus wy, (f, 6) » of order k in Ly, 5 are defined by the formula

wi (f,6 = sup ||AF . 1.12
k (f )p})\ O<t26 H ch tf”n)\ ( )
We say that the function f € L,  has bounded spectrum of order v, if fp(a) = 0 for a > v (the definition
fp(@) see lower the formula (2.1)).
We denote by D’AC [0,00) the class of functions which we apply the operator D) to them k—times, i.e.,
Dk k=1,2,....

Let W\, m=1,2,..., be the Sobolev space constructed for the differential operator D), that is

Wi ={f €Lyr:DYf €Ly, k=1,2,..,m}. (1.13)

We denote by M (v,p,A), v > 0 the set of functions @ (ch z),z € R, which satisfies the following
conditions:
1) @ (ch x) is the spectrum of order v;
2) @ (ch z) belongs to the class W}
The best approximation of an f € Lp A by functions belonging to 9t (v, p, A) is defined as follows:

By (f) =it {||f = @], : @€ Mw,p, )} (1.14)

The symbol 0 < a < b means that a < ¢b, where c—some constant, which can dependent on some
parameters. The following theorem is an analogue of Jackson’s direct theorem in classical approximation
theory (see [41], ch. 5).

Theorem 1.1. Let f € W Then for allv >0 and m € Z, = {0,1,2,...}, the inequality

s

1
Ev < ,,—2m DM f =
(f)p)\NV wk‘( Af7v>p>\

s

holds.
We define the K-functional Peetre construction for Ly x and W, by the formula:

K (f.85 Lyxs Wirs) =it {|f = gll,x + 1 D%gl,, 9 € Wi}

where f € Ly » and t > 0.
The symbol « (t) ~ 3 (t) at ¢ — 0 means that there exists constants ¢; and ¢z such that

aa(t) <BH) <calt).
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The next theorem shows that the modulus of smoothness is equivalent to the K-functional.
Theorem 1.2. For every 6 > 0 the following correlation

K (f,6%™; Lpx; W) ~ wm (f,8),4, t—=0 (1.15)

holds.
The proofs of inverse theorems in approximation theory are based on various analogues of Bernstein’s
inequality. In this paper we obtain such analogues for the Gegenbauer differential operator D).
Theorem 1.3. The following inequality is valid:

DAl 5 < V2 £ (1.16)

for all f € M(v,p,A).

Inequality (1.16) is an analogue of the classical Bernstein inequality for entire functions of exponential
type (see [28], p.117).

Let 7 > 0 be a real number and let k£, m be non-negative numbers such that 2k > r — 2m > 0. We
denote by H, , the set of all f € W such that and

wi, (DY, 0), 5 < Apd™ ™2™, 6> 0 (1.17)

for some Ay > 0. For f € H \ we define the seminorm as

. Wk (DTa 5) A
h! = — P2 1.18
pa (f) 1= sup —mm (1.18)
HJ  is a Banach space with norm (see section 5)
A e 2= 1l n + Bpn () (1.19)

In the next theorem we describe the space H, , in terms of approximations by functions belonging to
M (v, p, A) . In particular, thls theorem implies that the HJ , does not depend on k or m.
Theorem 1.4. If f € HJ ,, then

Ey (flpy Sv "y A (f) (1.20)
forv>1.
Conversely, if f € L, x, then
As
By (fpn =~ (1.21)

for v > 1, where Ay is a constant depending on f.

Let 1 < ¢ <o0,r >0, and let k, m be non-negative integers such that 2k > r — 2m > 0. As in [27],
we say that a function f belongs to the Nikol'skii-Besov class By | = By (Ry) if f € W], and the
seminorm )

q

ds

f(mDAf, D)

SN T A Tl B
D,qA T
wi (DY f,0),, 5
sup —————, q =00
§>0 5r72m

is finite. Note that B , , is a Banach space with norm (see section 5)

1y 5= 1l + B (1.22)

Note that B) . \ = H, . Let Z4 = {0,1,2,...}.
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Theorem 1.5. Let a > 1 be an arbitrary number. The function f € Ly x belongs to B , \ if and only if
the seminorm .

[e’e] q\ 9
a™" (Ea“' f ) ) ) 1 < q < 00,
bpgn = (f) <§o D

N
o sup a" Eqn (f) q=00

A
n€EZ4 P

is finite. In this case the norm (1.21) is equivalent to the norm

£+ Bpgn () (1.23)

The main purpose of this paper is to prove Theorems 1.1 - 1.5. In section 2 we study various properties
of Gegenbauer transformation in generalized functions classes, and also obtain some properties of the
convolution of functions in these classes. In particular we prove that the Gegenbauer transformation and
the convolution defined in the generalized function class are of generalized functions, i.e., they are linear
and continuous functions.

The paper is organized as follows:

Some auxiliary results are stared is Section 3 althogh some of them have independent interest. For
example, inequality (3.50) is the analogue of classical Nikol’skii-Stechkin inequality. From (3.51), assertion
of Theorem 1.3, which is an analogue of classical Bernstein’s inequality, follows. Proposition 3.17 and its
corollary are analogues of the classical Boas inequality. In section 4 Theorem 1.1 and 1.2 are proved. In
section 5 Theorem 1.4 and 1.5 are proved and also obtained various norms of the spaces By , |

2 The Gegenbauer Transformations

The Gegenbauer transformations of the functions P () and Q) (t) are defined as the following integral
transformations (see [18]):

Fpf (t) = frla / FOP (- 1) ar, (2.1)
Fof (t) = fola / FQ ) (t* - I)A_% dt. (2.2)
The inverse Gegenbauer transformations are defined by the following formulas:
Fpfe(@) o (@) =0 [ frl@)Qh @) (02 = 1) da (23)
F3' fola) = f (x) = O / fo(@)P) (@) (> = 1) da, (2.4)

where

() PO L) (3 ) (PO 1) TG =) eosm)”
LI NE- 3D ok (Li-Ai-31-2)

The fp transformation (2.1) for any f € L, » (1 <p<o0) exists that follows from the following
inequality (see [18], Lemma 5)

Cy =

fp (@) ] S [1£llp,xe® (2.5)
From this it follows that for any f € L, » (1 <p < o0) ILm fp (a) = 0. Particulary for p = 1 we

obtain the analogue of Riemann-Lebesgue lemma. On the other hand (see further lemma 3.3), if f and
D¥ f belong to Ly, », then

(DEF) (@) = (a(a+20) fo(a) k=1,2,.... (2.6)
From (2.5) and (2.6) we have
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()| S ID5fllp.xa ! (ar(a +20) 7" (2.7)
From this it follows that

Vel = / (@) (02— 1) da

T oa-1(.2 A= ok % k-1 A-1
5/ o (a?=1)" P a ’daﬁ/ P  (a=1)"" 2 da
1 1

® 1 . FA+HIr(k-22+1)
_ A1 Akl _ 2 2
_/0 @ (a+1) da Th—At+D) .

From this and from (2.5) we obtain that fp € L, x for 1 < p < 0o, as

1fpllocn = sup |fp(a)| S IIf

<a<oo

Py A*

Consider the function fQ in transformation (2.2). It is clear that for any function in L, x fQ can not
exist from the formula (1.3).

Let S be the space of test functions on [1,00), that is, S is the set of all infinitely differentiable
functions ¢ (t), decaying as t — 00, to zero together with all their derivatives, more rapidly than any
power of 1. In this way for any test function ¢ (¢) the following inequality (see [10], p.7) holds

DI ()| < Cgr (14+12)

with any integer ¢ > 0 and r > 0, where the constant Cy, does not depend on ¢.
It is clear that the operator Dy can apply to test functions infinite times, moreover the estimations

DY () S (1+6%)7" (2.8)

hold for arbitrary integer m > 0 and r > 0.
From (1.4) it follows that

DS\”Q(); (z) = (« (a+2)\))ng (), a€fl,o0), m=1,2...

From this we have
Qa () = (a(a+2X)"" DYQ; (z) .

In consideration of this equality in (2.2), we obtain

R 1
fa(a) = (ala+21)" / O DEQA () (12— 1) Far
_1
= (a(a+2)) / Q)N (1) DY f () (12— 1) 2 dt, (2.9)
where we use the self-adjointness of the operator Dy (see [14], Lemma 4).
Applying inequality (2.8) at 7 > + 1 in (2.9) we have
A—1
- QA () (2 —1)"*
S (a(a+2X)) ’”/ dt. 2.10
fo (@) < (af 1+t2)a+1 (2.10)

The Gauss’s hypergeometric function o F} (—%7 -5+ %, l—a—X z~ ) in the formula (1.3) exists
by appointed meaning of the parameters for all = € [1, o) (see [11], p.1054). Therefore from (1.3) we
have the estimate o) )

( ) (Oé + )CA (Z‘) < a—A (2x)a

Q@) = I'(a+2X) G
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Taking into account this inequality in (2.10) we obtain

o) 2 A— %)
< a*(2m+)\)/ wdt < o~ (@m+X) / t*% (t — 1))‘*% dt
1

o0 P
= o~ M+ / P+ )N de =
0
From this it follows that

I fallcox = sup |fg(a)] <C < .

1<a<oco

On the other hand for 1 < p < co we have

1fllpx = (/1 fa (@) |7 (a2 —1)*77 da) ’

00 (012 _ 1)A_% % 0o (042 _ 1))‘_%
s| [ e 2| e
1 1

a(2m+>\)p ~

oM P rp+hrem)”
0 (a+1)"F r(2m+X+3)

From this and (2.1) it follows that fQ €L,y for feSand1<p<oo.

(2.11)

This shows that the transformations (2.1) and (2.3) also (2.2) and (2.4) are mutual inverse in S.
According to Theorem 2 in [18], for every function f in L4y, F;lef = f. On the other hand from the

symmetry property of the operator A.j; and formula (1.7) we have

f(x)=C,y /100 fr (@) Q) () (a® — 1)/\_% do

—o [ ([ rorwe - a) Qe e - 1)

:/1“ (a/ff(t)@yt) (2 1)

- /1(>O f(@) P2 (2) (a® — 1)/\7% da,

[SIE

dt) Py (t) (a? —1)

that is, FpFp' = f.
Thus we obtain that
FpFp'f = f=Fp'Fpf

for f € Ly, . Further taking into account (1.7) in (2.3) and (2.4) we obtain that F,' = Fél € Ly, As

in the case of Fp we can write that for any f € S
FQFy'f = =F)'Fof

and
Fp'Fpf=f=F,'Fqof.

(2.12)

Since S C Lq, , from above results we confine that (2.1) and (2.3) and also (2.2) and (2.4) are mutual

inverse in S.
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Let S’ be the set of continuous linear functionals on S, that is, S’ is the space of temperate generalized
functions. For f € S’ and ¢ € S we denote by f () =< f,p > the value of the functional f at ¢. We
denote the spaces L, x, 1 < p < o0, in S’ by putting

1

< frp>i= /:of(t) e(t) (£ — 1)A_§ dt (2.13)

for f € Ly and p € S.
The following Parseval equality holds for the Gegenbauer transformation (see [18], Lemma 8)

[N

) A_1 0o . .
/ f@)g(z) (2*=1)" 2dz = CA/ fr(a) go() (¢ —1) da (2.14)
1 1
for f,g € S.
From this it follows that if f € S, then take place the equality:

/100 F2(z) (22 —1)" % da = Cy /100 Fr(a) fola) (o — 1) 2 da, (2.15)

which we remind of the Parseval-Plancherel’s formula.
Equality (2.14) can be written as

<f,g>=C\ <Fpf, Fog>.

Taking into account (2.5), we transform last equality to form

1 1 v
<FPf7g>:a<f7FQ g>:<fng>7 (216)

where éQ = CLAF Q g which follows from equality (2.12).

The Gegenbauer transformation can be extended to a class of functions wider than S.

We show that the Gegenbauer transformation Fpf of generalized functions next are the generalized
functions, i.e. of continuous linear functionals, which defined by properties:

)< Fpfip+9¢>=<Fpfip>+<Fpfip> ¢y,

2) < Fpf,ap>=a< Fpf,p> a€R,

3) if ¢, — 0, then < Fp f, 0, >— 0 at n — co.

First two properties follow from the linearity property of the integrals. We will only prove the property
3).

The convergence to zero of the sequence ¢, € S is defined by the condition: for any natural numbers
r and ¢ and positive € there exists a natural number such that whenever n > ng the inequality

(1427

o0 ()| < 2 (2.17)

holds (see [10]).
Then we have

< FPf,SOn >= [WFPf(a)wn(a) (a2 - 1))\_%da

1
A=z

= [ Fer@ene) (@2 =) da

[eS) Al

+/ Fpf(a)pn(a) (® —1) " da=Jy+ ] (2.18)

A

Since (see [18]) Fpf(a) — 0 as o — oo, we choose a number A so that for given € > 0 the inequality
|Fpf(a)|<e for a>A

holds.
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Then - )
[J2] < 5/ lon ()] (a® — 1)>\_§ da. (2.19)

A
As ¢, € S, then by definition we have

Cr
lon ()] < Arary = L2,.... (2.20)

Taking into account (2.20) in (2.19) we obtain

7 —1 2d > —1)*3d
ol < e ¢ / a? « cre/ (a P 2da
A

1+a2 4 (a+1)7 M1 +a2)
*(a—1*2da 1
S Cr € A W = CTB A + 5,27’ — 2\ g, (221)

where B (a,b) is of Euler integrals first type.

Since ¢p, () — 0 as n — oo, by (2.17) we have
€
n < T T = 1,27... .
enl)] < e T

From here we have

A F 2_1 A_%
e LRG0T,

Take into account (2.5), we obtain
A A—1 A
(o — )M 2da A—l
e [ e < <o [ @m0 la
=c(\r) e (a— DI = (A1) (A= 1) 3 e (2.22)
Taking into account (2.21) and (2.22) in (2.18), we obtain

< Fpf,pp > 0asn — oo.

In this way, the Gegenbauer transformation Fpf for f € S’ next is the generalized function, i.e.
Fpf € S'. Therefore the formula (2.16) can be naturally extended on functions from 5’, i.e., for f € S’
by definition

1
<pr,g>::0—<f,Fglg>7 geSs. (2.23)
A

We note an important property of Gegenbauer transformation (see [14], Lemma 3.3): if f € S’, then
the following inequality holds:

(DEf), (@) = (a(a+20) frla), k=12... (2.24)
In the class S, the operator D) is symmetric in the following sence (see [14], Lemma 4), i.e.,
<DA11/}5§0>:<¢7D>\50>7 50711)65,

that is equivalent

/OO (DAv) (ch z) ¢ (ch x) sh® zdx = /00 ¥ (ch x) (Dag) (ch ) sh®* zdz.
0 0

Reflections -
o / (DAY) (ch x) @ (ch x) sh*® zdx
0

AAN Copyright © 2017 Isaac Scientific Publishing



Advances in Analysis, Vol. 2, No. 3, July 2017 177

and

fe /000 Y(ch z)f (ch x) sh*zda

define the continuous linear functionals on S. Denoting their over Dy 1 and 1, we rewrite the last equality
by form

(Dx) (p) =9 (Dxg),
or the same
<Dy,p>=<,Dy,0>, vebs, pebs. (2.25)

Since, right-hand side of (2.25) is defined for all ¥ € §" and ¢ € S, and representation p — ¥ (Dy @)
is continuous on S, as superposition of two continuous functions, then we can define Dy v of generalized
function ¢ € S’ by means of (2.25).

Obviously, that then Dyy € S’.

From inequalities (1.10), (2.5) and also of the self-adjoind of the operator A2, , follows that for
¢ € Ly the equality holds:

< Aé\htfPNP >=< fPaA?:\htso >

Since fp(a) € 5’, then naturally extended the generalized Gegenbauer shift operator on generalized

functions space by formula

<AY fo>=<f AN o> fES, pES. (2.26)

Let a be arbitrary positive number. The dilation operator (see [16])

f(ch %) sh2A =
foleha) = == x>

of the function in L;, y preserve meaning of the integral, that is

a>0 (2.27)

/ fa (chx) sh* zdx = / f (chx) sh** zda. (2.28)
0 0
Really,
h2)\ T
/ fa (chx) shQ’\xdm—/ f ash” el agp®apde

= / f (ch a) shz’\ Td / f (chz) sh** zda.
0
From (2.29) it follows that

1falli,x = [1£]l1, 2 (2.29)

The following correlations is connect of the generalized Gegenbauer shift operator and of Gegenbauer
transformation (see [18], Lemma 1):

(m)P(a) = fr(a@) Q\(cht), a€[l,00), te[0,00). (2.30)

The operators A,y + and D) commute, that is,
(DaxAcn tf) (ch z) = (Ach tDrf) (ch z),  f€S. (2.31)
This equality is a particular case of more general equality (see further Lemma 3.4)
( o tDAf) (ch x) = (DXAch +f) (ch z), k,or=1,2,.., fe€S, (2.32)

although it can be proved by application of the Gegenbauer transformation of both side of (2.32). Taking
into account (2.6) and (2.30), we have

(D3Ace) (@) = ala+23) (Aaef) | (@) = a(a+20) Qx(ch t)fp(a)
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= fr()DAQA(cht) = (A eDrf) (@),
from this (2.32) follows.

The convolution of functions f and g on R, is defined by the relation

(f*g)(chz)= /000 g(cht)Aey o f (ch x) sh®* tdt. (2.33)

The convolution has sense if the integral on the right-hand side of (2.28) is convergence. If f € L, »,
g € L , then the convolution is defined and belong L, x, 1 <p < oo, as (see [18], Lemma 4)

1 * gllpx < W Fllpx - lglly 5 - (2.34)

From here, in particular it follows that for f, g € S their convolution f*xg € S.
We deriv some properties of the convolution.
1. The convolution is commutative, that is,

frxg=gx*f. (2.35)
2. - A
(F<9) (@) = Fr(@)gola). (2.36)
from this and also (2.12) it follows that
3.
fro=Fi' (fria). (2.37)
4.
Dy (fxg)=(Dyf)xg=[fx(Dyg), r=12., (2.38)
which follows from (2.36) by using (2.6).

Indeed,
(D5F+9) (@)= (D5F) , (@) dq (@) = (@ (a+2X)) fr(a)io(e)

= (aa+20) (Frg) ()= (D5 (Fx9) (.

From this and (2.35) it follows that (2.38).
5. It is associative, that is,

(fxg)xh=[fx(gxh).

Indeed, by using commutativity of the operator A, ;, we obtain
((f*g)*g)(chz)= / (f % g) (cht)Aep, ¢h(ch ) sh® tdt
0
(oo} oo
— / (/ f(ch x) Acp zg(cht)sh 2 xdm) Acn th (ch x) sh 2X ¢t
0 0
= / / g(ch x) Acp, o f(cht)Acp th (ch x) sh 2X 1 sh M tdadt
o Jo
= / / g(ch x)Acp o f (ch x) Acp, wh(cht)sh 2A psh M tdzdt
o Jo

= /OOO (g h)(cht)Ach +f (ch x) sh?* tdt = (f*(g=*h))(chx).

These properties hold for f,g,h € S.
In case then f € S” and g € S the convolution [ * g is defined by formula

(fxg)(chz):=<f,Ach o9 >= [ (Acn 29), =€ Ry. (2.39)
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The right-hand of (2.39) exist, so far as f is slow growing function, and A., g € S on the strength
inequality (1.10). Moreover the reflection g — f (Acn »g) is continuous as superposition two continuous
functions.

Theorem 2.1. Let f € S’ and g € S. Then their convolution u(ch x) = f(Ach zg) are generalized
function slow growing, i.e. u € S’.
Proof. First we show, that u € C*. Using (2.33), we can write

D¥u (ch x) :/ f(cht)Ach s D5g(cht)sh®* tdt=f (Aeh . D5g) , k=1,2,.... (2.40)
0

As, g € S, then D’)\“g exists and continuity for any k € N. But then on the strength of continuous of the
operator Ai‘h , is continuous and the right-hand side (2.40), as superposition two continuous functions. In
this way u € C°.

We show that u is slow growing function. Taking into account of Taylor-Delsart formula (see [14],
Lemma 6), and also of Lemma 3.6 (see further), we obtain

n—1
A, f (ch w) =" Cy(cht)DX f (ch x) + Cn(cht)AY, DX f (ch ).
v=0

From here and from (2.39) we have
o
u (ch z) = / g(cht)AN, . f (ch x) sh®* tdt
0

n—1

o
=Y D{f(ch x)/ C,(cht)g(cht)sh®* tdt
v=0 0
+/ Cy(cht) Ay + D™ f (ch ) g(cht) sh®* tdt. (2.41)
0
Since
ch (x—t)<chxzcht—shxzshtcos p<ch(z+1),
then
[Adn o flcha)| < sup [f(u)].
1<u<ch (z+t)

But then

/ Co(cht)Ae, DY f (ch x) g(cht)sh?* tdt
0

< sup |DX f (u)] / Cr(cht)|g(cht)|sh® tdt. (2.42)
1<u<ch (z+t) 0
Further, since (see [14], Lemma 5)

Crlcht) <c(k,A\) (cht—1)" k=1,2,...,

but g € S, that the integral
/ Chlcht) |glcht) sh? tdt
0

exist. But then from (2.42) and (2.41) it follows that

n

u(ch z) S Z sup DX f (u). (2.43)
v—0 1Su<Zch(z+t)
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Since (see [14], Lemma 1)

Dxf (z) = (2% = 1) /" (2) + 22+ D) wf’ (2),
it follows that the convolution u (ch x) has growth polynomials from (2.43), i.e., it is a slow growing
function.
Thus the theorem is proved.

Now let f,g,h € S. Using the Fubini theorem we show that

(fxg)x(h)=<fxg,h>

/OO (/ AN f (ch x) g(cht)sh®* tdt) h(ch ) sh?®* zdx
0

/OO (/ AN f (ch ) h(ch x)sh®} xdx) g(cht) sh®* tdt
0

/00 (/ f(ch x) A), ; h(ch x)sh®} xdx) g(cht) sh®* tdt
0

=< g, frh>=<gx*f,h>=< f,gxh >,
i.e.,
(frg)x(h)=[fx(gxh).

If f €S and g,h € S, then right-hand side of the last equality is defined since g * h € S. Moreover,
the representation h — f (g * h) is continuous which is the superposition of two functions. In this way the
convolution of the generalized function f and a basic function g can be defined by the following equality

<fxg h>=<f,gxh> feS8, ghcs. (2.44)

We show that for all f € S’ and g, h € S the convolution is associative, that is,

(fxg)xh=fx(gxh).
Indeed, if f € S’, and g,h € S, then

(f % g) % h(ch z) :/OOO (f % g) (cht) AY, ;h(ch ) sh? tdt

= / (/ f(ch ) A, ,g(cht)sh?®* :rdx) A, b (ch x)sh® tdt
/ / (ch z) AN, . f(cht)AD, . (ch ) sh®* zsh? tdxdt
= / / g(ch z) AN, _f (ch x) AY, (cht)sh® zsh® tdzdt
o Jo

= /Ooo (g% h) (cht)AY, .f (ch x)sh® tdt = f* (g h) (ch ). (2.45)

Since g, h € S, that their convolution g * h belongs to S, but the right-hand part of (2.45) according
to (2.44) it is convolution of the shift function f € S” and the test function g x h € S.

We show that the convolution of f € " and g € S is defined by formula (2.39). It remains to show
that the properties (2.35), (2.36) and (2.38) are provided.

Indeed, using (2.26) and (2.39) we obtain

(f*g) (cha) =< f, Ad, 19 >=< A}y ,f, g >= (9 f) (chz). (2.46)
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Further, using equalities (2.46), and also (1.7) and by changing the order of integration we obtain

(m)P () = /00 (f % g) (ch z) P> (ch z) sh* xdx
0
= /C>C (/OO g(cht)Aey o f (ch ) sh*? tdt) P2 (ch x) sh® zdx
0 0
= /OO (/OO f(cht)Aep, (P (ch ) sh*? tdt) g (ch x)sh®* zdx
0 0

= /OOC </0<><> f(cht)PX(cht)sh®} tdt) g(ch ) Q) (ch x) sh® zdx = fp(a)jo(w),

i.e., take place (2.36).
Using consistent of the formulas (2.40), (2.39), (2.25), (2.32) and (2.26), we obtain

D;\ (f*g) :f(ACh iDgg) =< faAch mDig >:f*(D§g) =< Acn mfaD§g>

=< DKACh affvg >=< Ach xD"):fmg >=< DgfaACh zg >= (D;\f) *dg,
i.e., take place (2.38).

3 Auxiliary Results

For the proof of Theorems 1.1 and 1.2 we need some auxiliary assertions.
We consider the function

chx
Ci(chz) = — / 0 (chz,0) Cr_1(0) (0* — 1))\_% do, Co=1, k=1,2,...,
1

where
chx ) a1l
9(Ch.’1}70'): _o'f(u _1) du7 1<0'<Chx,
0, for the other o,
chs L
Ri(chs) f(chz) :/ 0 (chs,0) (A,Dyf) (chx) (02 _ 1) 5 do,

1

and )
Ry (chs) f(chx) :/ 0 (chs,o) (Rk—1(c)Dyf) (chx) (02 _ 1)/\—% do,
1
]f:2,3,... (3’1)

The following assertion is just (see [13]):
Lemma 3.1. [14] If f € D}7'[0,00), then the Taylor-Delsarte’s formula is valid:

n—1

Ry, (chs)f(chx) = Acne f(chx) — Z Cy (chs) DS f(chx), n=1,2, ...,
k=0

DY f(chx) = f(chx).
Lemma 3.2. Let f € L, x. Then the following equality is valid:

(7). (@) Fole) (@) 1.
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Lemma 3.3. Let f € Wzﬁ)\, then

(@)P (@) = (a(a+20) fr(@), k=1,2,....
Lemma 3.4. If f € S, then following equality is valid:
(AL, DA f) (cha) = (DYAE,f) (cha), k,r=1,2,...
Lemma 3.5. Following equality is valid:
AR R, (chs)f(cha) = Ry (chs) (AL, f) (chx), k=1,2,....
Lemma 3.6. The following equality is valid:
Ry (chs)f(chx) = Cp(chs)Acns DX f(chz), n=1,2,... .
Lemma 3.7. If f € D5[0,00), then the following equality is valid:
Ak f(chz) = Ri(chs) (Aéh_slf) (chx), k=1,2,... .
Lemma 3.8. If the function f € D’j\ [0,00), then the following equality is valid:
Al f(cha) = Cy(chs) AL, . (DYf) (chz) , k=1,2,... . (3.2)
Lemma 3.9. If f € D’f\ [0, 00), then the following equality is valid:
m DY¥f(chx) = DA™  f(cha), k=1,2,...; m=1,2,... .

Lemma 3.10. For any function f € W. k=1,2,..., 1 <p< oo the following inequality is valid:

p/\’

) rea+1)
18 e fllon < T r@E s -1

(ch t—1)" | D5F|| - (3.3)

Proof. Since f € W%, then from of the equality (3.2) it follows that

p A
148021l < Ci (cht) || (Acn s DX) |,
Taking into account (1.10) and also the inequality (see [14], Lemma 5)

I2x+1)
F(k+1)I(2k+2x—1)

Cy (cht) < (cht—1)", (3.4)

we obtain

I (2A+1)
PAS Tt ) I (2k+ 20— 1)

k k k
1A% of1l,x < Crleht) [|DXS] (ch t =1 [ DXS]],5 -
Thus Lemma 3.10 is proved.
Lemma 3.11. Let f € L1y, g € Wy, 1 < p < oco. If f is the spectrum of order v, then their convolution
is the spectrum of order v cmd belongs to the class M(v,p, A).
Theorem 3.1. For f € W\, 1 < p < oo the following inequality is valid

By (Fpr SV ID5SNpx - (3.5)
Proof. We can write difference (1.11) in a form
k
chff Ch:L‘ Z z htf (Chx)
=0
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k
=3 (=) (F) AL, f (ch) — f (cha). (3.6)

i=1

Let ¢ (cht) be the spectrum of order v satisfied the condition

/0 @ (cht) sh®* tdt =1, (3.7)

ie, p e M(1,1,N).
We consider the function

b, (chx) = /OO v (cht) (—Alzhif (chz)+ f (chx)) Sh 2 tdt
0 :

k )
= Z (=1)"! ) / @ (cht) AL, . f (cha)sh® tdt. (3.8)
i=1 0 :
Since the operator A.p is self-adjoint, we have
/ @ (cht) A, o f(chx) sh®* tdt = 1// @ (chuvt) ALy, f (cha) sh® vtdt
0 v 0
o i v (chvt)sh? vt
:/0 Acni (Alyy f (cha)) ( eI sh? tdt.

Taking into account commutativity of the operator A.;

AchtAch;E = Achm Acht;

we obtain -
/ Acht (Aig}c o1 (cht)) f(cht) sh®* tdt
o 2

:/ Acha <A§;1 m) (cht) f(cht)sh® tdt.
; :

Then from (3.8) we have

D, (chx) = (K, * f)(chx) = / (Aen 2K, (cht) f(cht) sh? tdt, (3.9)
0
where
: k
i1 i
K, (cht) =3 (~1) <Z> (Ach1 o1 (cht)) . (3.10)
i=1
o k i-1(k . . .
Taking into account that > (—1) ;)= inequality (1.10) and (3.10) we obtain
i=1
18l < [l ), = el =1

while the dilation operator @1 is an automorphism of Ly y.

Since K, € L; ), by Lemma 3.11 the operator @, is of the spectrum of order v, i.e., &, € M (p,v, A),
moreover is an entire function of exponential type (see proof of the Lemma 3.11).

Let f € W) . Using Lemma 3.10 and taking into account (3.7) and (3.8), we obtain

P,

D f = fll,\ < (A7) /OOO HAZh% f(ch(~))H o (eht) sh® at
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<cOr) ||D;f||m/ (cht—l) o (cht) sh® tdt
ALy
00 t 2r
cumewmA/ (sh) etchnysn
0

riv- sht @ (cht)dt. .
c(\, 2TDfpA h ) o (cht)d 3.11
In the capacity of the function ¢ (cht) we take the function

2

cht —2X—2r—1 )
Bt L red)

¢ (cht) =

Then (see [11], p. 361) using of formula

=—a*B(uv—pu),v>p>0),a>0 (3.12)

/Oo (sh #)* ' chzds 1
0 (1 +ash2z)” 2

1
atu:)\+§,V:r+)\+1anda:1,weobtain

2 /°° sh2X tchtdt
0

cht) sh® tdt = =
/0 o ) B(A+%,r+%) (Cht)2r+2A+2

1
On the other hand, taking in the formula (3.12) p=r+ A+ pV=r + A+ 1 and a =1 we obtain

x x 22+2r

2A+2r Sh t chtdt 1 1
/<p (cht) (sht) dt= / (che)T T —5 +)\+2 3 (3.13)
0 0

Taking into account (3.13) in (3.11), we have

D0 f = Fllpn < cOr)v 2" [ID5Fl, A

from this the assertion of Theorem 3.12 follows.

Let K (f,t; Ly Wi /\) be K- Peetre functional constructing on the spaces Ly y and W, f €

Ly, t > 0. For brevity we take

(fa )p)\ =K (f7 p)\; W?TL)\) . (314)

The modulus wy, (f,?),, , of smoothness of order k is defined on Section 1 by the formula (1.12)
_ k
wr (f, t)p,A = Oil}lzzt ||Ach h pr’,\ :

Proposition 3.1. The modulus of smoothness wy, (f,t) k €N, 1 < p < oo has the following properties:

A’

w, (fs1), 5 is a non-decreasing function of ¢ € [0, o),

wi (f +9:1), 5 Swk (f;1), \ T wk (9,1),, 5,

Wi (fit)px < 250 fllpn

if fe Ly, 1<p<oo,then }%wk (fit),A =0,

if v <k, then w (f, t)p’)\ < 2kvw, (f, t)p)\,

if f € W), then for any k > m the following inequality is valid:

SO =

wr (fs )p A S " Wk (DX f, t)p,A )

AAN Copyright © 2017 Isaac Scientific Publishing



Advances in Analysis, Vol. 2, No. 3, July 2017 185

7. if f e Wzﬁ » then the inequality is valid:

¢ 2k
o (fo), 5 < 2" (sh 2) 1Dt

We define a family of the operators P}’ with v > 0 by the formula P, f = A/, , f,

n—1
1
PIf=Pf=Al.f-> C (my) (Agh—;p’;f) =23, (3.15)
k=1 v

Proposition 3.2. Let f € M(v,p,\), 1 <p < oo, v>0. Then P, f € M(v,p, \).
Proposition 3.3. Let f € L, x, 1 <p < oo, v > 0. For every t € (07 %) the following inequalities hold:

—2m
t
IDX Py (Pllpa < ( sh 5 1A% Fllp, 5 (3.16)
2
and if f € W], then
2m
t
1A By (Dllpx S | sh 5 ) [1DX fllpa- (3.17)
2
Proof. Using the equality (3.2) and also Lemmas 3.2 and 3.3, we obtain

(45.7) , (@) = Cu (cht) (47, (DF1)) | ()

— C,, (cht) (ﬁgf‘\f)P (@) (Q2 (cht))™

m

= (a(a+2)\)" Cy (cht) fp(a) (Qn (cht))
Consider the Gegenbauer transform of DY (P, f). Using (2.6) and (3.18) we write

(3.18)

(D3 Pot) (@ = (@(a+22)" (BF) (@)

(@(a+20)" Cu(cht) Pofpla) (@4 (cht)"  (4EiPT), (@ 510
G (1) (@2 (ch 1)) Con () (@ (R )™ |

Using the equality (3.19) inverse Gegenbauer transform and taking into account we have

An P, f (chz)
Cim (cht) (Q2 (cht))™

DY'P,f (chz) = (3.20)

From (1.3) it follows that the function Q2 (cht) is increasing. Moreover
. A _
tllg.lo Qa (Ch t) =0
and from the formula (see [9], p. 1934)
\ 1, t t
Q. (cht)=F —a,a+2/\;)\—|—§,sh 3) 0§sh§§1
This function takes its minimal value at t = 0 (see [17], p. 1053). We have the following

min Q) (cht) = Q) (1) =F (—a,a+2)\; )\+%; o) =1 (3.21)
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On the other hand (see [14], Lemma 5)

t

er (m, \) <sh ;)zm < Cyn (cht) < ¢ (m, N) (sh 2)2m. (3.22)

Taking into account (3.21) and (3.22) in (3.20), we have

—2m
t
DX (PDlya 5 (s5) 148 P

From Lemmas 3.7 and 3.1 it follows that
P, f(chz) = f(chz) + AZh% f(chz) (3.23)
then from (1.10) we have
1P fllox = 1f + D51 Fllon < (2% + D[ fllp,a-

From this taking into account the commutativity of the operator A.,:, we obtain

—2m

—2m
D8 Blyn S (s05)  IR(AG o S (505) 145l

then the inequality (3.16) is proved.
Now, let f € W}". From (3.18) we have

(A% (P £)p(@) = Co (cht) (A7, DF(PS)) | (). (3:24)
Applying the inverse transformation Fp ! to equality (3.24), we obtain

cht o f = Cm(ch ) Agy, DY (P f)
= Con (cht) A%, DY (f + A% 1 1)

= Con (cht) AT, (D3 + A% DY F),
from where taking into account (3.22) and (1.10), we have

2m 2m
145 Pl S (s 5) 1A% DR Fla S (s 5) IDR S0 (325)

then the inequality (3.17) is proved.

Thus Proposition 3.3 is proved.

Here is a useful corollary that follows from inequality (3.16) and the definition of the modulus of
smoothness.
Corollary 3.1. For f € L, , 1 <p < oo, v >0, m €N the following inequality holds

1
ID (Pl 7 (7)) (3.26)

s

Then it follows from the fact that

1 1

< =
L S ()

m VQm

The following proposition and corollary can be regarded as analogous of the classical Boas inequality
(see [41], p. 266).
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1
Proposition 3.4. Let f € W, 1 <p < oo, v > 0. For every numbers ¢ and ¢ such that 0 <6 <t < —
' v

the following inequality

) —2m ¢ —2m
(Sh 2> “Al’f‘wfp,xs(sh 2) 1Az, o f 10 (3.27)

is valid.
Proof. From (3.2) we have:

AT s (cha) = Cp, (chd) AL sDY f (chx) (3.28)
and
Al f (chx) = Cp, (chit) AL DY f (chz). (3.29)

Then the following equalities follow:
A% 5.fll, 5 = Cm (ch0) || ACH s DX fll, 5
[AG ¢ fllp 5 = Cm (cht) [|ACL DX £l 5 -
From the continuity of the operator Agy; in W, we have
hm [|AG ¢ f/Cm (ch )],y = U [|AG, 5 £/Crm (ch )|, 5 = DX fl,5 -
Since t — 0 involve § — 0 that

[AG e Fllpn /Cm (cht) ~ A5 fllpn /Cm (ch8) 108 & — 0,6 =0

1
from this it follows that 0 < 6 <t < —
v

Con (cht) | Alh sl 5 ~ Con (ch6) [ AT, 1,5 -

Taking into account (3.22), we obtain (3.27).
Thus Proposition 3.4 is proved.
Corollary 3.2. Let f € Wy, 1<p<oo,v>0, meN. Foranyt e (0, %] inequality

—2m
m t m
D% Al S (50 5) 1450l (3.30)

is valid. Taking into account of the continuity of operator Acy in W} and also relation (see [14], Lemma
5)
Ch (cht) ~c(m,\) (cht —1)" at t — 0,

where

1
clm ) = T A T 1) (23 1 8) @A 2m 1)
From (3.28) we have
. AZ}L(Sf . m m — m
| tendy ||, ~ A lAchs (DX Dl = IDX Fl-

If we take limit as § — 0 in (3.27), then we obtain (3.30).
Inequality (3.30) is an analogue of the classical Nikol’skii-Stechkin inequality (see [29], [41]).

t
Taking into account that sh 3 > 3 from (3.30) we obtain

2

2m
D% 1,5 (3) 2" e
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1
Putting here t = —, we have the inequality
v

IDX Fllpn < v £ 115 - (3.31)

From this at m = 1 the assertion of Theorem 1.3 follows. !
Proposition 3.5. Let f € W, 1 < p < o0, and v > 0. For any number ¢ and ¢ such that 0 < ¢ <t < —

' v
the following inequality holds:

5 2m . ¢ —2m
(s03) 14BaP Tl S (s 5] 14BsPA,n- (3.32)

Proof. Changing into (3.28) f by P, (f) we have
A% sPuf (chx) = Cy, (chd) ALy s DYV'P, f (chx) .
From here taking into account the inequalities (3.23) and (3.30), we obtain

1A 6P fllp n < Crm (ch ) [|IDX P 1], 0

5 2m ¢ —2m
s(ng) (ng) 14w,
from here (3.32) follows.

Thus Proposition 3.5 is proved.

Lemma 3.12. Let g € W\, 1 <p < 00, t > 0. Then the following estimate holds:

2m
t m
o @)y S (s5) DRl 0 (3.39)

1
Proof. Let u € (0,t], v = T From equality

Achug Achu(g Pf)+AchuP f7

using consecutive the inequalities (1.10), (3.17) and Theorem 3.1 we obtain

1A% wdllpr <27 g = Pufllpn + 1A% o Bo fllp

<2"E, (Nya+ (sh 5) 1D%gll,0 S ™ 1Dl

2m

£\ " t
#(shg) 108l (s 5) 105l

from this the inequality (3.33) follows .

Thus Lemma 3.12 is proved.
Proposition 3.6. For any function f € Ly, 1 < p < oo and number m € N, ¢t > 0 the inequality is
valid:

Wm, (fa )p A~ (fa ) . (334)
Proof. Let g € W/". Using smoothness property of the modulus and Lemma 3.12, we obtain

Wm (fv t)p,)\ S Wm (.f -9, t)p7,\ + Wm (g7t)p7A

2m
t m
I =alln+ (s 5) 1DRall, 0 S 17 = gl + 27 DKl

as sh t ~t at t — 0. Taking the infimum over all g € W'\, we obtain inequality (3.34).
Thus Proposition 3.6 is proved.
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4 Proof of the Theorems 1.1 and 1.2.

We now prove an analogue of Jackson’s direct theorem, from which we shall deduce Theorem 1.1.
Theorem 4.1. For f € L, 5, 1 <p < o0, k €N, v > 0 the following inequality holds

Ey (f)pr < w (f, )M. (4.1)

s

Proof. Since

BeDyn U = Rl [y 1] < (25)
D, P,

then it is enough to prove the inequality
If = Pofll, < HA’;,I%fHM. (4.2)
for prove (4.1). From (3.23) we have
P,f(chz) = A’Zh%f(chx) + f(chx),

from this (4.2) follows. Thus Theorem 4.1 is proved.
Proof of Theorem 1.1. Let f € W}. Taking in Theorem 4.1 k+m instead of k, we obtain the following
inequality

By (f)y 5 < Whim (f, ) | (43)

p,A

From the smoothness property of the modulus it follows that
< ,,—2m m 1
Wk+m (fvt)py)\NV Wk -D)\ fvi )
V/pa
from where we have
1
B Dy S (DR1)
PA

Thus the proof of the theorem is completed.
Proof of Theorem 1.2. We ought to justice of the correlation

K (fit) ~wm (fit),5, t—0. (4.4)
If we take g = P, f, v > 0, then from the definition of K, (f,t) it follows that
Ko (f,1) S \f = Pofllpn + 2" DX (P f)llx - (4.5)

Using inequality (3.26) in (4.5), we obtain

Kol S E(Dyat e (1.5) 5 (14 @) (£3) (4.6

, DA
L 1 .
Putting in (4.6) v = 7o e obtain

K (£;) S wm (£i1)5- (4.7)

The correlation (4.4) follows from (3.34) and (4.7).
Theorem 1.2 is proved.
In the following proposition which will be derived from Theorem 1.2, we state for wy, (f,t) A
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Proposition 4.1. For f € L, 5, t >0, § > 0 the relation

Wm (f7 5t)p A~ max {1a 62m} Wm (f7 t)p7,\ (48)

is valid.
Proof. Let 0 < § <1, then the definition of functional we have

Ko (£,0t) = inf {11 = gll,  + (0O | DX . : 9 € Wis }

< inf{ If =gl s+t IDX fll, 0 19 € W;f&} :

Andat 6 > 1
Ko (£,38) < inf {67 |f = gl \ + 8" 4™ | DY, : 9. € Wil |

= 62 inf {|1f = gll,p + " IDF Sl 5 9 € Wi b = 02" Ko (1)
From this and (4.4), (4.8) follows.

5 Nikol’skii-Besov Space and Their Approximation Characteristics. The
Embeddings Theorems

In this section we deal with the spaces H ) and B,  , of Nikol’skii-Besov type and describe them in
terms of the best approximation by functions on class im (v,p, A). The definition of spaces H o and By oy
can be found in Section 1. We will show that these spaces are Banach spaces. For these at first we will
prove the completeness of the space Ly ».

Proposition 5.1. The space Ly, 5, 1 < p < 0o is complete.

Proof. Let {f,(chz)}, n € N be the sequence of functions in the space L, 1[0, 0o] such that

[fn = fnll,n =0 as n,m — oc.

From this it follows that

/|fn(chx) — fm(chz)P sh**zdz — 0 as n,m — oco.
From the sequence { fy,(chx)} we choose a subsequence { fy, (chx)} such that
A= Z/ ‘fnk+1 chx) — fn, (Chx)‘p sh?zdz < co.
k=17

Then, for any ¢ € N, we can write

14

0 D
/(Z Jrps (chz) — fnk(cha:)‘> sh*z dx
0

k=1
¢

Z |fnk+1 (chx) — fnk(chx)|p sh? dz < A.
=1

By the Lebesgue’s dominated convergence theorem as £ — oo, we obtain

oo 0o p
/ (Z | frinss (chT) = fn, (chx)‘) shPzds < A. (5.1)
o \k=1
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Therefore,

Z | frisr (ch@) — fn, (cha)| < oo for a.e. z € [0,00).
k=1

191

Hence, in view of the completeness of real axis, the sequence {f,, (chz)} is convergent for a.e. x € [0, 00).

Denote by f the measurable function defined as

lim f,, (chz) for a.e.z €]0,00),

flchz) = {k—>oo

0, otherwise.

Thus we have proved that f,, (chz) — f(chz) for a.e. z € [0,00). By Minkowski inequality and inequality

(5.1), for all k € N we have

k—1 k—1
||fnk||p,>\ = ||fns + Z (fnu+1 - fnu) < [ fnul + Z |fnu+1 — J,
v=1 DA v=1
k—1
<N fnsllpr + D v = Fal|| S Wil + A.
v=1 p.A
Passing to the limit as k — oo, we obtain that
||fnk||p,/\ < const, a.e. f € Ly[0,00).
Let us now show that
||fffnk||p’>\%0 as k — oo.
Indeed taking into account (5.1) we have
o0
”f - fnk||p7)\ = Z (fnu+1 - fn,,)
v=Fk P
o0 o0 )
S Z’fny+1_fnu S Z’fny+1_fnu SAE
v=k DA v=1 P

By the Lebesgue’s dominated convergence theorem

If - fm.,”p,,\ —0 as k— oc.

Finally, we prove that the sequence {f,, (chx)} is convergent in L, 5. Since the sequence { f,,, (chz)} is
fundamental, it follows that for a given € > 0 there exists a number N, such that, for all m,n > N,

1= Fmllpr < 5-
Choose the number n; > N, so that
€
15 = Sl < 5
But then we have
If = fallpx S I = frcllpn + 1fn = frill,\ <e

The proof of Proposition 5.1 is complete.

Now we prove the completeness of the space Hz?;, - By inequality (3.31) for all f,, fim € H;, » we have

IDXfn = DX fmllpx = I1DX (fr = Fa)llpx S Ifn = Finllpx -

We will show that H , is a Banach space with the norm

Wk (Dif76)p)\
||f||H;A =l fll,»+ SUp e

Copyright © 2017 Isaac Scientific Publishing
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We can write

wi (D3 fn = D3 fim:0),,
[ = Fmllerr = Ifn = Fmllp n +sup 52 == (5-4)
P, §>0

Since (see Proposition 3.1 property 3)
wi (D3f )5 < 251D flln (5.5)
then

Wi (Dif7 5) A s
—ras - Sl (5.6)

At § > 1 the inequality (5.6) is obvious, but for 0 < § < 1 it is submitted to condition 2™~ < } < 2™
(evidently, m > 1). Taking into account (5.2) and (5.6) in (5.4), we obtain

1o = Fanllgs . < 1o = Fonllyn + 1035 = D3 onlly i S [ = Tl 5.7)
Let for every € > 0, || f,, — fm”p#)\ < e, at n,m > N. Then from (5.7) it follows that
| fr — meH;,A <eg, for n, m> N.
Because of completeness of the space L, » we are able to write
l.frn — fHH;,,\ <|fn— f||p7/\ < g,i0e n > N,

from this the completeness of the space H' A , follows.
Now we show that B, is a Banach space. Let for the class B}, for every € > 0

* Wk (Difn - Difmaé);,q,’)\ dd “
[ fn = fm”B;qu =|fn— fm”p,)\ + </O §(r—25)q S <g,

(nym>N, k>1,5s=1,2,..).

By the Lebesgue’s dominated convergence theorem as m — oo, we obtain

%y (D} fu — D3S,0), 5 o)
anff'”]';’;’q)A - ”fn*f'p,)\‘i’ (/0 §(r—2s)q ?

for n > N. Then the completeness of the space BT » follows. For these spaces the invested theorems are
obtained. Let ¢q, co, .... denote positive constants that are different in different places and can depend on
some parameters.

To prove inverse theorems of approximation theory we use inequalities of Bernstein type. Moreover
for the inequality (3.31) we need still one inequality of Bernstein type.
Lemma 5.1. For & € M (v, p, \) and t > 0 the following inequality holds

2m
1A @l x S () (|19l 5 (5-8)
Proof. From inequalities (3.3) and (3.31) it follows that

m m m 2
1A+ @I, S E™IDR @, 5 S () 91, (5.9)

PA ~ DA~

Inequality (5.9) implies that (5.8) holds. Thus Lemma 5.1 is proved.

In what follows k,s € Zy, r > 0,2k >r—2s, v > 1,1 < g < .
We put for brevity || - || := || - |-
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Proof of Theorem 1.4 the same now of the Theorem 1.2 in [13].
Let

hy A(f) 1= sup v By (f)poa-
v>1

It follows from Theorem 1.4 that f € Ly x belongs to Hy , if and only if iL;/\(f) < 00, and the norm
in Hp , is equivalent to the norm

Uy = 1+ Br(F):

In particular for different k, s are such that 2k > r —2s > 0, the spaces H , coincide and their norms
are equivalent.

In the following theorem we obtain various equivalent norms in the spaces By, ;.- In particular some
of them will follow Theorem 1.5. As before let » > 0 ,a > 1 be real number, k and s be arbitrary non
negative integers such that 2k > r — 2s > 0. We shall say that a function f(z) belongs to the space
IBr  x:d=1,2,3,4,if f € Ly x and the seminorm 77 . is finite, where

1
® (wn(D3£,0),,)" a5\ * _
lbr f ("(5(:‘7725)51*)% if 1 S q < oo,
D, A(f) = wi (D3 £6), 5 .
SUp ——g7=o5— if q = o0,
6>0
* (or(D319),,)" 45\ 7 .
27 IWT if 1<qg<oo,
P,q,A (f) == .
sup 0~ ("2 (D3 f,0),, if q=00,
0<é6<a p,
q
317 L Eajrq( (f)p,)\)q if 1<¢g<oo,
bp,q,/\ (f) c
sup aJ Eui (fpa if g =00
je€Zy
oo ) q
dpr — nf Z a’’ ||Qaj||g,)\ if 1<g¢g< >,
[ I (f) C
inf SUP aj [Qai ||p A if g=00.
Jj€z,

The infimum is taken over all representations of f in the form of series
0 .
= Z Qaj (.13) ’ Qaj (l‘) € gjz(ajvpa )‘)
j=0

convergent in L, . The i By ,.» are Banach spaces with respect to the norms

17l = 1 lpn + B
Theorem 5.1. The spaces jBT D ans J =1,2,3,4 coincide and their norms (5.19) are equivalent (that is,

the Banach spaces JBT g are equivalent).

We mark that Theorem (1.5) follows from the equivalence of the Banach spaces 1BT b and 3Bp Y
For brevity we use the notation /B" :==7B] _ |, Ip = bpq x EN(f) := En()pgr [If = | f]l,, and
so on. The expression V; — V5 means that the Banach space V; is embedded in the Banach space V5.

Proof of Theorem 5.1 is analogous of the Theorem 5.1 from [13].
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